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Abstract
We study the problem of learning the causal relationships between a set of observed1

variables in the presence of latents, while minimizing the cost of interventions2

on the observed variables. We assume access to an undirected graph G on the3

observed variables whose edges represent either all direct causal relationships or,4

less restrictively, a superset of causal relationships (identified e.g., via conditional5

independence tests or a domain expert). Our goal is to recover the directions of all6

causal or ancestral relations in G, via a minimum cost set of interventions.7

It is known that constructing an exact minimum cost intervention set for an arbitrary8

graph G is NP-hard. We further argue that, conditioned on the hardness of approxi-9

mate graph coloring, no polynomial time algorithm can achieve an approximation10

factor better than the trivial Θ(log n), where n is the number of observed variables11

in G. To overcome this limitation, we introduce a bi-criteria approximation goal12

that lets us recover the directions of all but εn2 edges in G, for some specified error13

parameter ε > 0. Under this relaxed goal, we give polynomial time algorithms that14

achieve intervention cost within a small constant factor of the optimal. Our algo-15

rithms combine work on efficient intervention design and the design of low-cost16

separating set systems, with ideas from the literature on graph property testing.17

1 Introduction18

Discovering causal relationships is one of the fundamental problems of causality [24]. In this19

paper, we study the problem of learning a causal graph where we seek to identify all the causal20

relations between variables in our system (nodes of the graph). It has been shown that, under certain21

assumptions, observational data alone lets us recover the existence of a causal relationship between,22

but not the direction of all relationships. To recover the direction, we use the notion of an intervention23

(or an experiment) described in Pearl’s Structural Causal Models (SCM) framework [24].24

An intervention requires us to fix a subset of variables to each value in their domain, inducing a new25

distribution on the free variables. For example, we may intervene to require that some patients in a26

study follow a certain diet and others do not. As performing interventions is costly, a widely studied27

goal is to find a minimum set of interventions for learning the causal graph [26]. This goal however28

does not address the fact that interventions may have different costs. For example, interventions that29

fix a higher number of variables will be more costly. Additionally, there may be different intervention30

costs associated with different variables. For example, in a medical study, intervening on certain31

variables might be impractical or unethical. Hyttinen et al. [16] address the need for such cost models32

and give results for the special case of learning complete graphs when the cost of an intervention is33

equal to the number of variables it intervenes on. Generalizing this notion, we study a linear cost34

model where the cost of an intervention on a set of variables is the sum of (possibly non-uniform)35

costs for each variable in the set. This model was first introduced in [18] and has received recent36

attention [2, 21].37

Significant prior work on efficient intervention design assumes causal sufficiency, i.e., there are no38

unobserved (latent) variables in the system. In this setting, there is an exact characterization of the39

interventions required to learn the causal graph, using the notion of separating set systems [8, 26].40
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Recently, the problem of learning the causal graph with latents using a minimum number of inter-41

ventions has received considerable attention with many known algorithms that depend on various42

properties of the underlying causal graph [2, 19, 20]. However, the intervention sets used by these43

algorithms contain a large number of variables, often as large as Ω(n), where n is the number of44

observable variables. Thus, they are generally not efficient in the linear cost model. Some work has45

considered efficient intervention design in the linear cost model for recovering the ancestral graph46

containing all indirect causal relations [2]. Other algorithms such as IC∗ and FCI aim to learn the47

causal graph in the presence of latents using only observational data; however, they can only learn48

some causal relations not the full graph [30, 31].49

Our Results. We address these shortcomings by considering two settings: in the first we assume that50

we are given an undirected graph that contains all causal relations between observable variables, but51

must identify their directions. This undirected graph may be obtained e.g., by running algorithms52

that identify conditional dependencies and consulting a domain expert to identify causal links. In the53

second setting, we study a relaxation where we are given a supergraph H of G containing all causal54

edges and other additional edges which need not be causal. The second setting is less restrictive,55

modeling the case where we can ask a domain expert or use observational data to identify a superset56

of possible causal relations. From H we seek to recover edges of the ancestral graph of G, a directed57

graph containing all ancestral causal relations between the observable variables.58

Depending on the method by whichH is obtained, it may have special properties that can be leveraged59

for efficient intervention design. E.g., if we use FCI/IC∗ [30] to recover a partial ancestral graph from60

observational data, the remaining undirected edges form a chordal graph [33]. Past work has also61

considered the worst case when H is the complete graph [2]. In this work we do not assume anything62

about how H is obtained and thus give results holding for general graphs.63

In both settings, we show a connection to separating set systems – to solve the recovery problems it64

is necessary and sufficient to use an intervention set that corresponds to a (strongly) separating set65

system on the given graph (either the undirected causal graph G or the supergraph H). A separating66

set system in one in which each pair of nodes connected by an edge is separated by at least one67

intervention – one variable is intervened on and the other is free. A strongly separating set system68

requires that every connected pair is separated by two interventions – where one of the nodes is69

intervened on, that the other is free in.70

Unfortunately, finding a minimum cost (strongly) separating set system for an arbitrary graph G71

is known to be NP-Hard [16, 21]. We give trivial algorithms that achieve O(log n) approximation72

and further argue that, conditioned on the hardness of approximate graph coloring, no polynomial73

time algorithm can achieve an approximation factor of o(log n), where n is the number of observed74

variables. To overcome this limitation, we introduce a bi-criteria approximation goal that lets us75

recover all but εn2 edges in the causal or ancestral graph. For this goal, it suffices to use a relaxed76

notion of a set system, which we show can be found efficiently using ideas from graph property77

testing literature [11].78

In the setting where we are given the causal edges in G and must recover their directions, we give a79

polynomial time algorithm that finds a set of interventions from which we can recover all but εn280

edges and with cost at most 2 + γ times the optimal cost for learning the full graph, where ε, γ > 081

are specified error parameters. In the setting of ancestral graph recovery we similarly show how to82

recover all but εn2 edges with intervention cost at most 4 + γ times the optimal cost for recovering83

all edges. Our result improves upon [2] which gives a 2-approximation to the minimum cost strongly84

separating set system assuming the worst case when the supergraph H is a complete graph. Their85

algorithm does not translate to an approximation guarantee better than Ω(log n) for general graphs.86

Other Related Work. Assuming causal sufficiency (no latents), most work focuses on recovering87

causal relationships based on just observational data. Examples include algorithms like IC [24]88

and PC [30], which have been wide studied [13–15, 22, 27]. It is well-known that to disambiguate89

a causal graph from an equivalence class of possible causal structures, interventional, rather than90

just observational data is required [8, 9, 12]. There is a growing body of recent work devoted to91

minimizing the number of interventions [19, 20, 26] and costs of intervention [18, 21]. Since causal92

sufficiency is often too strong an assumption [4], many algorithms avoiding the causal sufficiency93

assumption, such as IC∗ [31] and FCI [30], and using just observational data have been developed.94

There is a growing interest in optimal intervention design in this setting [16, 19, 20, 23, 29].95
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2 Preliminaries96

Causal Graph Model. Following the SCM framework [24], we represent a set of random variables97

by V ∪ L where V contains the endogenous (observed) variables that can be measured and L98

contains the exogenous (latent) variables that cannot be measured. We define a directed causal graph99

G = G(V ∪ L, E) on these variables where an edge corresponds to a causal relation between the100

corresponding variables: a directed edge (vi, vj) indicates that vi causes vj .101

We assume that all causal relations belong to one of two categories : (i) E ⊆ V × V containing102

direct causal relations between the observed variables and (ii) EL ⊆ L × V containing relations103

from latents to observables. Thus, the full edge set of our causal graph is E = E ∪ EL. We also104

assume that every latent l ∈ L influences exactly two observed variables, i.e., (l, u), (l, v) ∈ EL and105

no other edges are incident on l following. This semi-Markovian assumption is widely used in prior106

work [19, 28] (see Appendix A for a more detailed discussion). Let G(V,E) denote the subgraph107

of G restricted to observable variables, referred to as the observable graph. Let Anc(G) denote the108

ancestral graph of G [25]. Here, we consider a restricted version of Anc(G) which contains only109

directed edges (vi, vj) if there is a directed path from vi to vj in G (equivalently in G due to the110

semi-Markovian assumption). Throughout we denote n = |V |.111

Intervention Sets. Our primary goal is to recover either G or Anc(G) via interventions on the112

observables. We assume the ability to perform an intervention on a set of variables S ⊆ V which113

fixes S = s for each s in the domain of S. We then perform a conditional independence test answering114

for all vi, vj “Is vi independent of vj in the interventional distribution do(S = s)? Here do(S = s)115

uses Pearl’s do-notation to denote the interventional distribution when the variables in S are fixed116

to s. An intervention set is a collection of subsets S = {S1, . . . , Sm} that we intervene on in order117

to recover edges of the observable or ancestral graph. It will also be useful to associate a matrix118

L ∈ {0, 1}n×m with the collection where the ith column is the characteristic vector of set Si. We119

can also think of L as a collection of n = |V | length-m binary vectors that indicate which of the m120

intervention sets S1, . . . , Sm each variable vi belongs to.121

As is standard, we assume that G satisfies the causal Markov condition and assume faithfulness [30],122

both in the observational and interventional distributions following [13]. This ensures that conditional123

independence tests lead to the discovery of true causal relations rather than spurious associations.124

Cost Model and Approximate Learning. In our cost model, each node u ∈ V has a cost C(u) ∈125

[1,W ] for some W ≥ 1 and the cost of intervention on a set S ⊆ V has the linear form C(S) =126 ∑
u∈S C(u). That is, interventions that involve a larger number of, or more costly nodes, are more127

expensive. Our goal is to find an intervention set S minimizing C(S) =
∑
S∈S

∑
u∈S C(u), subject128

to a constraint m on the number of interventions used. This min cost intervention design problem129

was first introduced in [18]. Letting L ∈ {0, 1}n×m be the matrix associated with an intervention set130

S , the cost C(S) can be written as C(L) =
∑n
j=1 C(vj) · ‖L(j)‖1, where ‖L(j)‖1 is the weight of131

L’s jth row, – the number of 1’s in that row and number of interventions vj is involved in.132

We study two variants of causal graph recovery, in which we seek to recover the observable graph G133

or the ancestral graph Anc(G). We say that an intervention set S is α-optimal for a given recovery134

task if C(S) ≤ α · C(S∗), where S∗ is the minimum cost intervention set needed for that task.135

For both recovery tasks we consider a natural approximate learning guarantee:136

Definition 2.1 (ε-Approximate Learning). An algorithm ε-approximately learns G(V,E) (analo-137

gously, Anc(G)) if it identifies the directions of a subset Ẽ ⊆ E of edges with |E \ Ẽ| ≤ εn2.138

Generally, we will seek an intervention set S that lets us ε-approximately learn G or Anc(G), and139

which has cost bounded in terms of S∗, the minimum cost intervention set needed to fully learn the140

graph. In this sense, our algorithms are bicriteria approximations.141

Independent Sets. Our intervention set algorithms will be based on finding large independent sets142

of variables, that can be included in the same intervention sets, following the approach of [21]. Given143

G(V,E), a subset of vertices Z ⊆ V forms an independent set if there are no edges between any144

vertices in Z, i.e., E[Z] = ∅ where E[Z] is set of edges in the sub-graph induced by Z. Given145

a cost function C : V → R+, an independent set Z is a maximum cost independent set (MIS) if146

C(Z) =
∑
u∈Z C(u) is maximized over all independent sets in G. Since finding MIS is hard [6], we147

will use the following two notions of a near-MIS in our approximate learning algorithms:148
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Definition 2.2 ((γ, ε)-near-MIS). A set of nodes S ⊆ V is a (γ, ε)-near-MIS in G = (V,E) if149

C(S) ≥ (1− γ)C(T ) and |E[S]| ≤ εn2 where T is a maximum cost independent set (MIS) in G.150

Definition 2.3 ((ρ, γ, ε)-Independent-Set). A set of nodes S ⊆ V is a (ρ, γ, ε)-independent-set in151

G = (V,E) if C(S) ≥ ρ(1− γ) · C(V ) and |E[Z]| ≤ εn2.152

3 Separating Set Systems153

Our work focuses on two important classes of intervention sets which we show in Sections 4 and 5154

are necessary and sufficient for recovering G and Anc(G) in our setting. Missing details from this155

section are collected in Appendix B.156

Definition 3.1 ((Strongly) Separating Set System). For any undirected graph G(V,E), a collection157

of subsets S = {S1, · · · , Sm} of V is a separating set system if every edge (u, v) ∈ E is separated –158

i.e., there exists a subset Si with u ∈ Si and v /∈ Si or with v ∈ Si and u /∈ Si. The set system is159

strongly separating if there exist two subsets Si and Sj such that u ∈ Si \ Sj and v ∈ Sj \ Si.160

For a separating set system, each pair of nodes connected in G must simply have different assigned161

row vectors in the matrix L ∈ {0, 1}n×m corresponding to S (i.e., the rows of L form a valid coloring162

of G). For a strongly separating set system, the rows must not only be distinct, but one cannot have163

support which is a subset of the other’s. We say that such rows are non-dominating: there are distinct164

i, j ∈ [m] such that L(u, i) = L(v, j) = 0 and L(u, j) = L(v, i) = 1. When S is a (strongly)165

separating set system for G we call its associated matrix L a (strongly) separating matrix for G.166

Finding an exact minimum cost (strongly) separating set system is NP-Hard [16, 21] and thus we167

focus on approximation algorithms. We say the S is an α-optimal (strongly) separating set system if168

C(S) ≤ α · C(S∗), where S∗ is the minimum cost (strongly) separating set system. Equivalently,169

for matrices L,L∗ corresponding to S,S∗, C(L) ≤ α · C(L∗).170

Unfortunately, even when approximation is allowed, finding a low-cost set system for an arbitrary171

graph G is still hard. In particular, we prove the conditional lower bound:172

Theorem 3.2. Assuming 3-colorable graphs cannot be colored with sub-polynomial colors in polyno-173

mial time, there is no polynomial time algorithm for finding an o(log n)-optimal (strongly) separating174

set system for an arbitrary graph G with n nodes when m = β log n for some constant β > 2.175

Achieving sub-polynomial coloring for 3-colorable graphs in polynomial time is a longstanding open176

problem [5, 17, 32], with the current best known algorithm [3] achieving an approximation factor177

O(n0.2111). Thus Theorem 3.2 shows the hardness of finding near optimal separating set systems,178

barring a major breakthrough on this classical problem.179

It is easy to check that for a strongly separating set system, every node must appear in at least one180

intervention, and so the set system has cost as least
∑
v∈V C(v). At the same time, with m ≥ 2 log n,181

we can always find a strongly separating set system where each node appears in log n interventions.182

In particular, we assign each node to a unique vector with weight log n. Such an assignment is183

non-dominating and since
(
2 logn
logn

)
≥ n, is feasible. It achieves cost C(S) = log n ·

∑
v∈V C(v),184

giving a simple log n-approximation for the minimum cost strongly separating set system problem.185

For a separating set system, a simple O(log n)-approximation is also achievable by first computing an186

approximate minimum weight vertex cover and assigning all nodes in its complementary independent187

set the weight 0 vector i.e., assigning them to no interventions (See Appendix B for details). By188

Theorem 3.2, it is hard to improve significantly on either of these bounds.189

Given the hardness result of Theorem 3.2 we focus on finding relaxed separating set systems in which190

some variables are not separated. We will see that these set systems still suffice for approximately191

learning G and Anc(G) under the notion of Definition 2.1.192

Definition 3.3 (ε-(Strongly) Separating Set System). For any undirected graph G(V,E), a collection193

of subsets S = {S1, · · · , Sm} of V is an ε-separating set system if, letting L ∈ {0, 1}n×m be the194

matrix corresponding to S, |{(vi, vj) ∈ E : L(i) = L(j)}| < εn2. It is strongly separating if195

|{(vi, vj) ∈ E : L(i), L(j) are not non-dominating}| < εn2.196

For ε-strongly separating set systems, when the number of interventions is large, specificallym ≥ 1/ε,197

a simple approach is to partition the nodes into 1/ε groups of size ε · n. We then assign the same198

weight 1 vector to nodes in the same group and different weight 1 vectors to nodes in different groups.199
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For ε-separating set system, we first find an approximate minimum vertex cover, and then apply the200

above partitioning. In Appendix B, we show that we get within a 2 factor of the optimal (strongly)201

separating set system. Therefore, for the remainder of this paper we assume m < 1/ε. While m is an202

input parameter, smaller m corresponds to fewer interventions and this is the more interesting regime.203

204

4 Observable Graph Recovery205

We start by considering the setting where we are given all edges in the observable graph G (i.e., all206

direct causal relations between observable variables) e.g., by a domain expert, and wish to identify207

the direction of these edges. It is known that, assuming causal sufficiency (no latents), a separating208

set system is necessary and sufficient to learn G [8]. In Appendix C we show that this is also the case209

in the presence of latents when we are given the edges in G but not their directions. We also show210

that an ε-separating set system is sufficient to approximately learn G in this setting:211

Claim 4.1. Under the assumptions of Section 2, if S = {S1, S2, · · ·Sm} is an ε-separating set212

system for G , S suffices to ε-approximately learn G.213

In particular, if S is an ε-separating set system, we can learn all edges in G that are separated by S214

up to εn2 edges which are not separated. Given Claim 4.1, our goal becomes to find an ε-separating215

matrix Lε for G satisfying for some small approximation factor α, C(Lε) ≤ α · C(L∗) where L∗ is216

the minimum cost separating matrix for G. Missing technical details of this section are collected in217

Appendix C.218

We follow the approach of Lindgren et al. [21], observing that every node in an independent set of G219

can be assigned the same vector in a valid separating matrix. They show that if we greedily peel off220

maximum independent sets from G and assign them the lowest remaining weight vector in {0, 1}m221

not already assigned as a row in L, we will find a 2-approximate separating matrix. Their work222

focuses on chordal graphs where an MIS can be found efficiently in each step. However for general223

graphs G, finding an MIS (even approximately) is hard (see Appendix A). Thus, in Algorithm 1, we224

modify the greedy approach and in each iteration we find a near independent set with cost nearly225

as large as the true MIS in G (Def. 2.2). Each such set has few internal edges, this leads to few226

non-separating assignments between edges of G in Lε. Let γ be error in our approximation which is227

scaled appropriately (See Appendix C for more details) along with ε, δ when we call NEAR-MIS.228

Algorithm 1 ε-SEPARATING MATRIX(G,m, γ, ε, δ)

1: Input : Graph G = (V,E), cost function C : V → R+, m, error ε, γ, and failure probability δ.
2: Output : ε-Separating Matrix Lε ∈ {0, 1}n×m.
3: Mark all vectors in {0, 1}m as available.
4: while |V | > 0 do
5: S ← NEAR-MIS (G, γ/8m, ε2, εδ)
6: ∀ vj ∈ S, Set Lε(j) to smallest weight vector available from {0, 1}m and mark it unavailable.
7: Update G by E ← E \ E[S] and V ← V \ S.
8: return Lε

Observe that any subset of fewer than εn nodes has at most ε2n2 internal edges and so the229

NEAR-MIS (G, γ/8m, ε2, εδ) routine employed in Algorithm 1 always returns at least εn nodes.230

Thus the algorithm terminates in 1/ε iterations. Across all 1/ε near MIS’s there are at most231

ε2n2 · 1/ε = εn2 edges with endpoints assigned the same vector in Lε, ensuring that Lε is in-232

deed ε-separating for G.233

In Algorithm 2, we implement the NEAR-MIS routine by using the notion of a (ρ, γ, ε)-independent-234

set (Definition 2.3). We find a value of ρ that achieves close to the true MIS cost via a search over235

decreasing powers of (1 + γ). In Algorithm 3 we show how to obtain a (ρ, γ, ε)-independent-set236

whenever the cost of true MIS in G is at least ρ · C(V ).237

We extend ideas from property testing for graphs with unit vertex costs [11]. Suppose S is a fixed238

MIS in G with |S| ≥ ρn and U ⊂ S. Let Γ(u) represent the set of nodes that are neighbors of node u239

in G and Γ(U) =
⋃
u∈U Γ(u). Let Γ(U) = V \ Γ(U) be the set of nodes with no edges to any node240

of U . Observe that S ⊆ Γ(U) since U ⊂ S. Further, [11] proves that, if U is sampled randomly from241

S, taking the lowest degree nodes in the induced subgraph on Γ(U) will with high probability yield a242

near MIS for G. Intuitively, the nodes in Γ(U) have no connections to U and thus are unlikely to have243
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many connections to S. To find such a U , since we assume |S| ≥ ρn (in the unit cost case), we can244

simply sample a small set of nodes in G, which will contain with good probability a representative245

proportion of nodes in S. We can then brute force search over all subsets of this sampled set until we246

hit U which is entirely contained in S and for which our procedure on Γ(U) returns a near-MIS.247

Algorithm 2 NEAR-MIS

1: Input : Graph G(V,E), cost function C : V → R+, error ε, γ, and failure probability δ.
2: Output : Set of nodes S that is a (4γ, ε)-near-MIS in G.
3: Initialize ρ = 1, and let T be the set of

√
εn nodes in G with the highest cost.

4: while ρ ≥
√
ε do

5: S ← ρ-INDSET(ρ, γ, ε, δ′) where δ′ = 2γδ/ log(1/ε)
6: if C(S) ≥ C(T ) and |E[S]| ≤ εn2 then
7: break
8: ρ = ρ/(1 + γ)

9: return arg maxX∈{S,T} C(X)

In the weighted case, when S is a high cost MIS, may not contain a large number of nodes, making it248

more difficult to identify via sampling. To handle this, we partition the nodes based on their costs249

in powers of (1 + γ) into k = O(γ−1 logW ) partitions V1, . . . , Vk. A good partition is one that250

contains a large fraction of nodes in S: at least γρ|Vi|. Focusing on these partitions suffices to recover251

an approximation to S. Intuitively, all bad partitions have few nodes in S and thus ignoring nodes in252

them will not significantly affect the MIS cost.253

Definition 4.2 ((γ, ρ)-good partition). Let S be an independent set in G with cost ≥ ρC(V ). Then254

F(γ,ρ) = {i | |Vi ∩ S| ≥ γρ|Vi|} is the set of good partitions of V with respect to S.255

Claim 4.3. Suppose S is an independent set in G with cost C(S) ≥ ρC(V ), then, there exists an256

independent set S′ ⊆ S such that C(S′) ≥ ρ(1− 2γ)C(V ) and S′ ∩Vi = S ∩ Vi for all i ∈ F(γ,ρ).257

While we do not a priori know the set of good partitions, if we sample a small number t of nodes258

uniformly from each partition, with good probability, for each good partition we will sample γρt/2259

nodes in S. We will brute force search over all possible U = U1 ∪ U2 · · · ∪ Uk where |Ui| = γρt/2260

and in at least one instance will have all Ui in good partitions fully contained in S.261

Let Γi(Ui) = Vi \ Γ(Ui) be the nodes in Vi with no connections to Ui and let Z(U) :=
⋃
i Γi(Ui).262

Analogously to unit cost case, we sort the nodes in each Γi(Ui) by their degree in the induced263

subgraph on Z(U). We select low degree nodes from each partition until the sum of the total degrees264

of the nodes selected is εn2/k. We output union of all such nodes iff it is a (ρ, 3γ, ε)-independent set.265

Algorithm 3 ρ-INDSET

1: Input : Graph G = (V,E), cost function C : V → R+, parameters ρ, γ, ε and δ
2: Output : (ρ, 3γ, ε) independent set in G if one exists.
3: For i = 1, . . . , k, define Vi = {v ∈ V | (1 + γ)i−1 ≤ C(v) < (1 + γ)i} where k = γ−1 logW

4: Sample t = O( log(2k/(εδ))
εγρ ) nodes Ṽi in each partition Vi.

5: for every partition U = U1 ∪ U2 ∪ · · · ∪ Uk such that Ui ⊆ Ṽi with size γρt/2 for all i do
6: Let Z(U) :=

⋃k
i=1 Vi \ Γ(Ui).

7: for i = 1 . . . k do
8: Sort nodes in Z(U) ∩ Vi in increasing order of degree in the induced graph on Z(U).
9: Let Ẑi(U) ⊆ Z(U) ∩ Vi be set of nodes obtained by considering the nodes in the sorted

order until the total degree is εn2/k.
10: Let Ẑ(U) =

⋃k
i=1 Ẑi(U).

11: return Ẑ(U) if C(Ẑ(U)) ≥ ρ(1− 3γ)C(V ).

By construction, our output, denoted by Ẑ(U) will have at most εn2 internal edges. Thus, the266

challenge lies in analyzing its cost. We argue that in at least one iteration, all chosen Ui for good267

partitions will not only lie within the MIS S, but their union will accurately represent connectivity to268

S. Specifically, any vertex v ∈ Γi(Ui), i.e., with no edges to Ui for some i ∈ F(γ,ρ), should have few269

edges to S.270
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Definition 4.4. (ε2-IS representative subset) R ⊆
⋃
i∈F(γ,ρ)

(S ∩ Vi) is an ε2-IS representative271

subset of S if for all but ε2n nodes of V it satisfies the following property: suppose v ∈ Vi and i ∈272

F(γ,ρ) if Γ(v) ∩ (R ∩ Vi) = ∅ then |Γ(v) ∩ S| ≤ ε2n .273

We show that there is a IS representative subset containing at least γρt/2 nodes from each good274

partition among our sampled nodes
⋃k
i=1 Ṽi. Setting ε2 = ε/k we have:275

Claim 4.5. If t nodes are uniformly sampled from each partition Vi to give Ṽi, with probability 1− δ,276

there exists an ε/k-IS representative subset R such that, for every i ∈ F(γ,ρ), |Ṽi ∩R| = γρt/2.277

Claim 4.5 implies that in at least one iteration, our guess U restricted to the good partitions is in278

fact an ε/k-IS representative subset. Thus, nearly all nodes in Z(U) lying in good partitions have at279

most εn/k connections to S. Letting F =
⋃
i∈F (γ,ρ) Vi contain all nodes in good partitions, since280

we know that U ∩ F ⊆ S ∩ F , we have S ∩ F ⊆ Γ(S) ∩ F ⊆ Z(U) ∩ F .281

In the graph induced by nodes of Z(U), with edge set E[Z(U)], consider the degree incident on282

nodes of S ∩ Vi for each partition Vi. As there are at most n nodes in Vi, from Def. 4.4, we have the283

total degree incident on S ∩ Vi is εn2/k. Thus, including the nodes with lowest degrees in Ẑi(U)284

until the total degree is εn2/k will yield a larger set of nodes than S ∩ Vi. Since all nodes in Vi285

have cost within a 1 ± γ factor of each other, we will have C(Ẑi(U)) ≥ (1 − γ) · C(S ∩ Vi). As286

the cost of S in the bad partitions is small, using Claim 4.3, we have Ẑ(U) =
⋃k
i=1 Ẑi(U) is a287

(ρ,O(γ), ε)-independent set.288

Overall, Algorithm 3 implements ρ-INDSET as required by Algorithm 2 to compute a near-MIS at289

each iteration of Algorithm 1. It just remains to show that, by greedily peeling off near-MISs from290

G, Algorithm 1 achieves a good approximation guarantee for the ε-Approximate Learning G. To do291

this, we use the analysis of a previous work from [21]. In their work, an exact MIS is computed at292

each step, since their graph is chordal so the MIS problem is polynomial time solvable. However, the293

analysis extends to when the MIS has near optimal cost and some violated constraints, allowing us to294

achieve near 2-factor approximation, as is achieved in [21]. Our final result is:295

Theorem 4.6. For any m ≥ η log 1/ε for some constant η, with probability ≥ 1 − δ, Algorithm 1296

returns Lε with C(Lε) ≤ (2 + γ + exp (−Ω(m))) · C(L∗), where L∗ is the min-cost separating297

matrix for G. Moreover Lε ε-separates G. Algorithm 1 has a running time O(n2f(W,γ, ε, δ)) where298

f(W,γ, ε, δ) = 1
ε2γ log 1

ε · exp(O( logW
γε3 · log 1

γε · log log 1/ε logW
γεδ ))299

By Theorem 4.6 with m = O(log(1/ε)) interventions we can ε-approximately learn any causal graph300

G. For full learning, m ≥ logχ interventions are necessary, where χ is the chromatic number of G,301

since the rows of L ∈ {0, 1}n×m must be a valid coloring of G.302

5 Ancestral Graph Recovery303

In Section 4, we assumed knowledge of the edges in the observable graph G and sought to identify304

their directions. In this section, we relax the assumption, assuming we are given any undirected305

supergraph H of G i.e., it includes all edges of G and may also include edges which do not306

represent causal edges. When given such a graph H , we cannot recover G itself. However we307

still seek to recover all directed edges of the ancestral graph Anc(G) appearing in H , which we308

denote Anc(G) ∩H . This problems strictly generalizes that of Section 4, in which H = G since309

Anc(G) ∩H = G. Missing details of this section are collected in Appendix D.310

We show in Appendix D that to recover Anc(G) ∩H , a strongly separating system (Def 3.1) for H311

is both necessary and sufficient. An ε-strongly separating system suffices for approximate learning:312

Lemma 5.1. Under the assumptions of Section 2, if S = {S1, S2, · · ·Sm} is an ε-strongly separating313

set system for H , S suffices to ε-approximately learn Anc(G) ∩H .314

Given Claim 5.1, our goal becomes to find an ε-strongly separating matrix for H , Lε with cost within315

an α factor of the optimal strongly separating matrix for H , for some small α. To do so, our algorithm316

builds on the separating set system algorithm of Section 4. We first run Algorithm 1 to obtain an317

ε-separating matrix LSε and construct S1, S2, · · ·S1/ε where each set Si contains all nodes assigned318

the same vector in LSε – i.e., Si corresponds to the near-MIS computed at step i of Algorithm 1. We319

form a new graph on 1/ε vertices VS by contracting all nodes in each Si into a single super node.320
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In [2], the authors give a 2-approximation algorithm for finding a strongly separating matrix on a321

set of nodes, provided the graph on these nodes is complete. As H is an arbitrary super graph of G,322

the contracted graph on VS is also arbitrary. However we simply assume the worst case, and run the323

Algorithm of [2] on it to produce Lε, which strongly separates the complete graph on VS . It is easy324

to show that as a consequence, Lε ε-strongly separates G.

Algorithm 4 ANCESTRAL GRAPH(V,m, γ, ε, δ)

1: LSε := ε-SEPARATING MATRIX(G,m, γ/2, ε, δ)
2: Construct S1, S2, · · ·S1/ε where each set Si contains nodes assigned the same vectors in LSε
3: Construct a set of nodes VS by representing Si as a single node wi and C(wi) =

∑
u∈Si C(u)

4: LSSε := SSMATRIX(VS ,m) from [2]
5: return LSSε

325 To prove the approximation bound, we extend the result of [2], showing that their algorithm actually326

achieves a cost at most 2 times the optimal cost of a separating matrix for the complete graph on VS327

(not strongly separating) which satisfies two additional restrictions: (1) it does not assign the all zeros328

vector to any node and (2) it assigns the same number of weight one vectors as the optimal strongly329

separating matrix. Further, we show via a similar analysis to Theorem 4.6 that this cost on VS is330

bounded by 2 + 0.5γ times the cost of the optimal strongly separating matrix on the contracted graph331

over VS . Combining these bounds yields the final 4 + γ approximation guarantee of Theorem 5.2.332

Theorem 5.2. Let m ≥ η log 1/ε for some constant η and LSSε be matrix returned by Algorithm 4.333

Then with probability≥ 1− δ, LSSε is an ε-strongly separating matrix for G and C(LSSε ) ≤ (4 + γ+334

exp (−Ω(m))) · C(L∗) where L∗ is the min-cost strongly separating matrix for G. Algorithm 4 runs335

in timeO(n2f(W,γ, ε, δ)) where f(W,γ, ε, δ) = 1
ε2γ log 1

ε ·exp(O( logW
γε3 · log 1

γε · log log 1/ε logW
γεδ ))336

6 Experiments337

In this section, we empirically demonstrate the performance of our algorithms for ε-approximately338

learning a causal (ancestral) graph G (See Appendix E for more details). We consider random339

graphs generated using Erdös-Rényi random graphs G(n, p) and include our results in Figure 1 with340

parameters p = 0.3, ε = 0.1, δ = 0.01.
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Figure 1: cost of ε-approximate learning of causal (or ancestral) graphs

341
Baselines. For learning causal graphs, we compare the cost of ε-separating matrix from Algorithm 1342

with two baselines (i) a greedy procedure, similar to Algorithm 1 where we identify a maximal343

independent set by sorting the nodes and including the high cost nodes until it remains an independent344

set (ii) LP relaxation [18, 21] that is a lower bound on the true cost obtained by viewing the problem345

as graph coloring. For learning Anc(G), we compare cost of ε- strongly separating matrix from346

Algorithm 4 with two baselines (i) we construct maximal independent sets as described above and run347

Algorithm SSMATRIX from [2] on these sets. (ii) we consider a modified LP relaxation of separating348

set system, where we require nodes to have vectors of weight at least 1. Again, this relaxation gives a349

lower bound on the true optimum.350

Results. For ε-approximate learning causal graph G, we observe that the cost of interventions351

obtained using Algorithm 1 are better than the maximal independent set baseline and closer to the352

LP optimum value for low values of n. For ε-approximate learning of Anc(G), we observe a similar353

pattern for Algorithm 4 with respect to our baselines. We also note that the cost for learning Anc(G)354

is higher than the cost for learningG. We also observe that the number of edges that are not separating355

(parameterized by ε) returned by Algorithm 1 decays very quickly with n, with a similar behaviour356

observed for learning Anc(G) using Algorithm 4.357
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Broader Impact358

Our work studies the fundamental problem of intervention (experiment) design for causal inference.359

Causality plays a pivotal role in understanding how various components of a system interact and so360

causal inference is one of the key goals in scientific discovery. While our work is mostly theoretical,361

we hope that better general understanding of cost aware intervention design will prove useful to362

practitioners in a wide range of fields. As just one example of the potential impact of work based on363

causal inference: the work of the recent recipients of Nobel Prize in Economics, Abhijit Banerjee,364

Esther Duflo and Michael Kremer [1] used randomized control trials [7] (an analog of interventions)365

to fight global poverty. As a direct result of one of their studies, more than five million Indian children366

have benefitted from effective programs of remedial tutoring in schools [1].367

As more machine learning based systems are integrated into the real world, there is a need to368

understand the decisions made by these systems and their causal interactions with societal outcomes.369

Improved understanding of causal inference can help in doing this.370

We do not foresee any direct negative outcomes of our work. As with all theoretical work, our results371

are based on simplified models of the real world, and this is important to keep in mind. In designing372

interventions for, e.g., a medical study, blindly attempting to minimize intervention cost under one373

simple metric while ignoring other complex factors would be irresponsible.374
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