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ABSTRACT

Diversity is an important principle in data selection and summa-
rization, facility location, and recommendation systems. Our work
focuses on maximizing diversity in data selection, while offering
fairness guarantees. In particular, we offer the first study that aug-
ments the Max-Min diversification objective with fairness con-
straints. More specifically, given a universe U of n elements that
can be partitioned into m disjoint groups, we aim to retrieve a k-
sized subset that maximizes the pairwise minimum distance within
the set (diversity) and contains a pre-specified k; number of ele-
ments from each group i (fairness). We show that this problem is
NP-complete even in metric spaces, and we propose three novel
algorithms, linear in n, that provide strong theoretical approxima-
tion guarantees for different values of m and k. Finally, we extend
our algorithms and analysis to the case where groups can be over-
lapping, and show empirically that our algorithms perform better
than their theoretical bounds.

1 INTRODUCTION

Data is generated and collected from all aspects of human activity, in
domains like commerce, medicine, and transportation, as well as sci-
entific measurements, simulations, and environmental monitoring.
However, while datasets grow large and are readily available, they
are often down-sampled for various uses. This is often due to prac-
tical implications, e.g., analytics workflows may be designed, tested,
and debugged over subsets of the data for efficiency reasons. Other
times, machine learning applications use subsets of the data for
training and testing, while applications that target human consump-
tion, e.g., data exploration, can only display small parts of the data at
a time, since human users can visually process limited information.

While data subset selection is very common, deriving good sub-
sets is a non-trivial task. In this paper, we focus on two principles
in data selection: diversity and fairness. Diversity and fairness are
related but distinct concepts. Specifically, diversity seeks to maxi-
mize the dissimilarity of the items in a set. Intuitively, a diverse set
of items selected from a dataset D represents more and different
aspects of the information present in D. Prior work has suggested
several diversity objectives [16, 29, 39], typically defined over nu-
merical attributes (e.g., geographic location, age). On the other
hand, fairness is typically defined over categorical attributes (e.g.,
race, gender) and specifies the appropriate level of representation
of different categories or demographic groups, in a set of items.
While one could consider combining fairness and diversity into a
single objective, comparing numerical and categorical attributes is
not straightforward.

Figure 1 demonstrates an example of the principles of diversity
and fairness applied to a dataset of Nobel laureates. The first subset
of four items optimizes the set’s diversity with respect to the age
of the laureates at the time of the award, but only contains male
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Figure 1: Three examples of selection of four items from a dataset
of Nobel laureates. The first set is diverse with respect to age; the
second set is fair with respect to gender; the third set is both diverse
with respect to age and fair with respect to gender.

scientists. The second set achieves fair gender representation, but
is not diverse with respect to age. The third set achieves both di-
versity and fairness. Remarkably, the concept of fair and diverse
data selection is also highly motivated by real-world scenarios:
transportation equity in conjunction with optimizing traditional
objectives (e.g., geographic coverage) aims for designing accessible
transportation systems for historically disadvantaged groups [34];
formulating teams that represent various demographic groups while
demonstrating “diversity of thought” is becoming an important hir-
ing goal [19, 20, 30]; in news websites, a summary of dissimilar in
context documents from different news channels minimizes redun-
dancy and mitigates the risk of showing a polarized opinion [20].

Our focus. In this paper, our goal is to maximize diversity in data
selection with respect to numerical attributes, while ensuring the
satisfaction of fairness constraints with respect to categorical ones.
We focus on the Max-Min diversification model [20, 39, 42], which
is among the most well-studied and frequently-used diversity mod-
els in the data management community. Max-Min diversification
seeks to select a set of k items, such that the distance between
any two items is maximized. We further express fairness as car-
dinality constraints: given m demographic groups, a set is fair if
it contains a pre-specified integer number k; of representatives
from each group. This general form of cardinality constraints cap-
tures, among others, the common fairness objectives of proportional
representation, where the sample preserves the demographic pro-
portions of the general population, and equal representation, where
all demographic groups are equally represented in the sample.!

1Our fairness constraints are based on the definitions of group fairness and statistical
parity [24]. Other definitions that focus on individual or causal fairness examine
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Figure 2: Contributions of this paper with respect to the prior art.
Our work is the first to introduce fairness constraints to Max-Min
diversification, and provides strong approximation results. We also
contribute algorithms to the case of overlapping classes, which has
not been addressed in prior work.
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Figure 3: The department of transportation wants to place k = 14
new bike sharing stations in downtown Boston among n = 30 can-
didate locations. (Left): Max-Min selects locations that geographi-
cally cover downtown. (Right): Max-Sum selects locations on the
outskirts of downtown.

We first study the problem of fair Max-Min diversification in the
case of non-overlapping groups, and define the problem more for-
mally as follows: We assume a universe of elements ¢ = 2 | U;
partitioned into m non-overlapping groups, a metric distance func-
tion d defined for any two pairs of elements, and a set of fairness
constraints (k1, kg, - - - , km), where each k; is a non-negative in-
teger with k; < |U;|. Our goal is to select a set S € U of size
k = Z;’;l ki, such that |S N U;| = k; for all i, and such that the
minimum distance of any two items in S is maximized.

In this paper, we show that fair Max-Min diversification is NP-
complete, and we contribute efficient algorithms with strong ap-
proximation guarantees in the case of non-overlapping groups; we
further generalize our results and analysis to the case of overlapping
groups. We list our contributions at the end of this section.

Contrast with prior work and related problems. Our work
augments the existing literature of traditional problems that have
been studied under group fairness constraints, such as clustering [18,
32], ranking systems [14, 44-46] and set selection [41]. We proceed
to review prior work in closely-related problems and describe how
our contributions augment the existing literature. (Summary shown
in Figure 2.)

Max-Min and Max-Sum diversification. The unconstrained ver-
sion of Max-Min diversification is a special case of our fair variant

differences in treatment of individuals from different groups who are otherwise very
similar, but these are not the focus of this work.
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for m = 1. This problem was initially studied in the operation re-
search literature under the name remote-edge or p-dispersion, along
with another popular diversity model, the Max-Sum or remote-
cliqgue model [16, 25, 29, 33, 39]. Similar formulations have also been
studied in the context of obnoxious facility location on graphs [42].
While the Max-Min model aims to maximize the minimum pairwise
distance in the selected set, the Max-Sum model aims to maximize
the total sum of pairwise distances in a set of k items. Max-Sum,
as an additive objective, is easier to analyze but tends to select
points at the limits of the data space and thus it is not well-suited
to applications that require more uniform coverage. (see example
in Figure 3). The unconstrained diversification problems are NP-
complete even in metric spaces but for both a greedy algorithm
offers a %—factor approximation, that has also been shown to be
tight [6, 8, 39].

Fair Max-Sum diversification. Abbassi et al. [1] study the fair
Max-Sum diversification problem (assuming disjoint groups) un-
der matroid constraints, where the retrieved subset needs to be
an independent set of a matroid of size k. 2 They propose a local
search algorithm with a (% - e)-approximation guarantee. Borodin
et al. [8, 9] study a bi-criteria optimization problem formulated as
the sum of a submodular function and the Max-Sum diversifica-
tion objective under matroid constraints. They show that the local
search approach preserves the (% - e)—approximation guarantee.
In an effort to make the state-of-the-art local search algorithms
more efficient, Ceccarello et al. [11] propose algorithmic approaches
for constructing core-sets with strong approximation guarantees,
resulting in efficient algorithms with comparable quality to the best
known local search algorithms [1, 8, 9]. A core-set is a small subset
of the original data set that contains an a-approximate solution
for the Max-Sum diversification problem. Cevallos et al. [15] ex-
tend the local search approach to distances of negative type and
design algorithms with O (1 - %)-approximation and O(nk? log k)
running time.

Fair Max-Min diversification. To the best of our knowledge, this
paper is the first to introduce fairness constraints to Max-Min di-
versification, and thus there are no prior results that we know of on
this problem. In contrast to Max-Sum, which is an additive objec-
tive, Max-Min is harder to analyze. In the case of non-overlapping
groups, we propose two polynomial-time algorithms: a swap-based
greedy algorithm that achieves a %-approximation form =2,and a
max-flow-based algorithm that achieves a ﬁ—approximation for
any m. Additionally, we show that for constant m and k = o(log n),
we can achieve a constant %—approximation. In the generalized
setting, when the groups are allowed to overlap, we extend our
algorithms to provide a %—approximation guarantee for m = 2, and

1
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Fair k-center clustering. In the k-center clustering problem the
objective is to select k centers such that the maximum distance of
any point from its closest cluster center is minimized. Intuitively,
cluster centers will tend to be far from each other, and thus k-center
clustering can serve as another mechanism to perform diverse data

-approximation guarantee for any m.

2Section 3.2 describes the correspondence between group fairness constraints and
partition matroids.
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Figure 4: An example where no optimal solution for the clustering
problem is optimal for the diversity problem and vice versa. Sup-
pose we have to pick one white point and one black point. The
unique optimal solution for clustering is {2, 5} whereas the unique
optimal solution for Max-Min diversity is {1, 6}.

® 2 D)

Figure 5: An optimal solution for the clustering problem may be
arbitrarily bad for the diversity problem. Suppose we have to pick
one white and one black point. Set {2, 3} is an optimal solution for
clustering but yields an arbitrarily bad approximation ratio for the
diversity problem as points 2 and 3 can be arbitrarily close together.

selection, albeit the optimization objective is different from Max-
Min. Max-Min diversification and k-center clustering are closely
related. In fact, the approximation algorithms by Gonzalez [28] for
the clustering problem and by Ravi et al. [39] and Tamir [42] for
Max-Min diversification, are all based on the same farthest-first
traversal heuristic, and they all provide a %—approximation guaran-
tee. Nonetheless, the analysis of the two algorithms is substantially
different and it is not always the case that an algorithm for one
problem is applicable to the other.

In recent work, Kleindessner et al. [32] introduced the fair variant
of the problem, where the centers are partitioned into m different
groups and the constraint of selecting k; elements per group is en-
forced in the output of the process. It is easy to find examples where
no optimal solution for the fair k-center problem is optimal for the
Max-Min objective and vice versa (see example in Figure 4). Further-
more, we note that an optimal solution for fair k-center clustering
can be arbitrarily bad for the Max-Min objective (e.g., Figure 5).
Consequently, the two problems need to be studied independently.

The fair k-center clustering problem can also be expressed by a
partition matroid, for which Chen et al. [17] provide a 3-approximation
algorithm with a quadratic runtime. Kleindessner et al. [32] pro-
vide a linear-time algorithm with a (3 com-l 1)-approximation,
while more recent work improved this bound to 3(1 + €) [? ]. In
our Appendix, we also provide a slight improvement to this bound,
with a linear-time algorithm with constant 3-factor approximation.

Outline of contributions. In this paper, we study the problem

of diverse data selection under fairness constraints. We initially

focus on the case of disjoint groups, but extend our algorithms to
tackle the overlapping case as well. Our work makes the following
contributions.

o After some background and preliminaries (Section 2), we intro-
duce and formally define the problem of fair Max-Min diversifi-
cation focusing on non-overlapping groups. To the best of our
knowledge, no prior work has studied the Max-Min diversifica-
tion objective under fairness constraints. We further discuss its
complexity and approximability, and describe how our algorith-
mic frameworks support any constraints that can be expressed
in terms of partition matroids (Section 3).
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Algorithm 1 GMM Algorithm
Input:

U Universe of available elements
kez*

I: An initial set of elements
Output: S C U of size k

1: procedure GMM(U, I, k)

2 S 0.

3 if I =  then

4 S « arandomly chosen point in U
5 while |S| < k do

6

x < argmax min d(u, s)
ueld SESUI
S « SuU{x}
return S

=

o We propose a swap-based greedy approximation algorithm, with
linear runtime, for the case of m = 2, which offers a constant
%-factor approximation guarantee (Section 4.1).

e We propose a general max-flow-based polynomial algorithm,
with runtime linear in the size of the data, that offers a ﬁ—
factor approximation (Section 4.2). We further demonstrate that
for constant m and k = o(logn), we can achieve a constant
%-approximation, also in linear time (Section 4.3).

o We generalize the fair diversification problem to the case of over-
lapping groups (an element can belong to multiple demographic
groups). We propose polynomial-time algorithms with %—factor

approximation for the case of m = 2 and 3 -factor ap-

1
my2i) =1
proximation for any m (Section 5).

e We demonstrate that the empirical approximation performance
of our algorithms is typically much better than their theoretical
bounds (Section 6). Our Appendix contains further experimen-
tal results over real-world datasets that demonstrate that the
diversity loss from enforcing fairness is usually small.

2 BACKGROUND AND PRELIMINARIES

In this section, we review necessary background and preliminaries
on diverse data selection, the Max-Min diversification objective
and relevant approximations. We also introduce the notation used
in this paper. We start by focusing on the case of non-overlapping
groups; we will generalize the problem statement and algorithms
to overlapping groups in Section 5.

Diverse data selection. We assume a universe of elements U of
size n and a positive integer k < |U|. Diverse data selection seeks
to identify a set S € U and |S| = k, such that the diversity of S is
maximized.

Fair and diverse data selection. We assume a universe of ele-
ments U of size n, comprising of m non-overlapping classes: U =
Ul’.'il U;; we further assume non-negative integers (k1, ..., km).
Fair and diverse data selection seeks to identify a set S € U such
that for all i, |S N U;| = k;, and the diversity of S is maximized.

For both problems, typically m is a small constant and k < n.
Therefore, when considering algorithmic complexity, we want to
avoid high-order dependence on the size of the data, n. Our algo-
rithms (for the non-overlapping case) have linear-time complexity
with respect to n, and we will simply refer to those as linear-time.
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Max-Min Diversification. Prior work has identified a range of
diversity objectives to perform diverse data selection. In this work
we primarily focus on the Max-Min objective, which corresponds
to the minimum distance of any two items in S. More formally, let
d:UXU — R(‘)L be a distance function, such that d(u, v) captures
the dissimilarity of the elements u,v € U. Then, the Max-Min
diversity score of a set S is

div(8S) = unzlziélS d(u,v)
;4¢v

Max-Min diversification seeks to identify a set S € U and |S| =
k, such that the minimum pairwise distance, div(S), of elements in
S is maximized.

Algorithms and approximations.This problem formulation was
initially studied in the operation research literature by Ravi et
al. [39] and in the context of facility location on graphs by Tamir [42].
They both show that the problem is NP-complete even in metric
spaces and give a greedy algorithm, GMM, that guarantees a %-
approximation for Max-Min diversification. Ravi et al. [39] also
show that this problem cannot be approximated within a factor
better than % unless P=NP through a reduction from the clique
problem.

The GMM approximation algorithm uses the simple and intuitive
farthest first traversal heuristic: Given a set of items S, add the
element from U whose minimum distance from any element in S
is the largest. Algorithm 1 shows the pseudocode for GMM, which
starts with an initial set of elements I and greedily augments it with
k elements from U. Note that the GMM algorithm, as presented
by Ravi et al. [39] and Tamir [42] assumes that I = 0; in this paper,
we use the slight variant presented in Algorithm 1, which assumes
that I can be non-empty. We use GMM as a building block for the
algorithms we present in this paper. A naive implementation of the
algorithm requires O((|I| + k)?n) time but more efficient implemen-
tation requires O((|I| + k)n) time; see, e.g., [32, 43] for details.

Pseudometric assumption. While the Max-Min diversity objec-
tive is defined over general distance functions, in this work, we
focus on pseudometric distance functions. A distance function de-
fined as d : U x U — R} is a pseudometric if it satisfies the
following properties for every u,v € U:

d(u,u) =0
d(u,v) = d(v, u) (symmetry)
d(u,v) < d(u, w) + d(w, v) (triangle inequality)

Our contributions to this problem. In Section 3, we augment
Max-Min diversification with fairness constraints; to the best of
our knowledge, this is the first paper to define and investigate this
problem under the Max-Min objective. In Section 4, we provide
linear-time algorithms with strong approximation guarantees for
this problem in the case of non-overlapping groups. In Section 5,
we extend our results to design polynomial-time algorithms with
strong approximation guarantees for the generalized setting of
overlapping groups.
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l Notation[ Description
u Universe of elements
n # elements in U
k # elements desired in data selection
m # classes / demographic groups in U
ki # elements desired from group i

S Subset of U of size k
d(-, ) |Pseudometric distance function

div(S) |Minimum pairwise distance of elements in S
GMM | Algorithm 1: Greedy approximation of Max-Min diversification
with %—approximation guarantee

Figure 6: Summary of notations used in the paper.

3 FAIR MAX-MIN DIVERSIFICATION

In this section, we formally define the Max-Min diversification
problem under fairness constraints which is a generalization of Max-
Min diversification. We characterize the hardness of the problem,
and the hardness of its approximation, and describe its connection
to partition matroids.

3.1 Problem and Analysis

We assume a universe of elements U of size n, comprising of m non-
overlapping classes: U = |2, U;; we further assume a pseudo-
metric distance functiond : U X U — Rg; finally, we assume non-
negative integers (k1, . .., km), which we call fairness constraints.
Our goal is to identify a set S C U, such that for all i, |[SNU;| = ki,
and the minimum distance of any two items in S is maximized.
More formally:
FAIR MAX-MIN:

maximize  min d(u,v)
Scu u,veS
u#v

subjectto |SNU;| =k;, Vie[m]

Intuitively, FAIR MAX-MIN aims to derive the set with the max-
imum diversity score div(S), while satisfying the fairness con-
straints. Next, we state formally the hardness of FAIR Max-MIN
and bound its approximability. These results follow easily from the
corresponding prior results on unconstrained Max-Min diversifica-
tion, as that problem reduces to FAIR Max-MIN for m = 1.

THEOREM 1 (HARDNESS). Determining if there exists a solution to
Farr Max-MIN with diversity score > § is NP-complete.

Proor. The problem is clearly in NP: If we are given a solution S,
we can verify that it satisfies the fairness constraints and compute
its diversity score in polynomial time.

The unconstrained version of Max-Min diversification is NP-
complete [39, 42], and it is a special case of our problem for m = 1.
Since any instance of Max-Min diversification can be reduced to an
instance of FAIR MAX-MIN with m = 1, then FAIR MAX-MIN is also
NP-complete. O

THEOREM 2 (APPROXIMABILITY BOUND). There exists no polynomial-
time a-approximation algorithm for FAIR Max-MIN with o > %

unless P=NP.

PRrROOF. Suppose that there exists a polynomial algorithm that
approximates the diversity score of the optimal solution to FAIR
Max-MIN by a factor of & > % Then, this algorithm could also
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solve the unconstrained Max-Min diversification problem with
approximation factor a. However, Ravi et al. [39] have shown that
unconstrained Max-Min diversification cannot be approximated
within a factor better than %, through a reduction from the clique
problem. Therefore, it is not possible for such an algorithm to
exist. O

The main contributions of our work focus on providing approxi-
mation algorithms for FAIR MAX-MIN, assuming non-overlapping
groups, whose running time is linear in n and have strong theo-
retical approximation guarantees. We present our algorithmic and
theoretical contributions in Section 4. In summary, we present an
algorithm with a 71; approximation bound for the case of m = 2,
and a second algorithm with a 3m+1 approximation bound for the
general case. Finally, we present a simple algorithm that offers a
constant % approximation bound for the case of small m and k.
In Section 5, we extend our results and present polynomial-time
algorithms for the case of overlapping groups.

3.2 Fairness as a Partition Matroid

While our focus is on fairness constraints in particular, our results
apply in general to any type of constraints that can be expressed
in terms of a partition matroid. We provide a brief overview of
the matroid definition and show that fairness constraints can be
expressed as a partition matroid.

DEFINITION 1. A matroid M is a pair (€, 1) where & is a ground
set and I is the set of independent sets defined as the union of any
subset I C 2%. All the independent sets in I satisfy the following
properties:

o IfA € I, then for every subset B C A, B € I. (Hereditary
property)

o IfA,B € I with|A| > |B|, then Je € A \ B such that
B U {e} € I.(Exchange property)

A maximal independent set in 7 (also called a basis for a matroid)
is a set for which there is no element outside of the set that can
be added so that the set still remains independent. All maximal
independent sets of a matroid have equal cardinality which is also
called the rank of the matroid, rank(M).

DEFINITION 2. A matroid M = (&,T) is a partition matroid if
& can be decomposed into m disjoint sets &1, 8y, ...,Em and I is
definedasI ={SC E:|SNE;| <k;jVie[l,m]}.

Note that a maximal independent set (or a basis) for a partition
matroid is an independent set that satisfies all the cardinality con-
straints with equality. For further information on matroids, we refer
the interested reader to [? ].

Based on the above definitions, in FAIR MAX-MIN the ground
set is the universe of elements U = |JZ, U;. Then FAIR MaX-MIN
can be expressed as searching for the maximal independent set of
the partition matroid defined over U that maximizes the Max-Min
diversity function.

4 APPROXIMATING DIVERSITY

In Section 3.1, we showed that the fair formulation for the Max-
Min diversification problem is NP-hard so we can only hope for
designing an approximate solution to it. The algorithm framework
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Algorithm 2 FAIR-SwapP: Fair Diversification for m = 2

Input: U, Us: Set of points of color 1 and 2
kl, kz A
Output: k; points in U; for i € {1, 2}
1: procedure FAIR-SwaP
>Color-Blind Phase:
2: S « GMM(U, 0, k)
3: S;=SnU;forice{l,2}

>Balancing Phase:
4: Set U = argmin; (k; — |S;|)
5: 0=3-U
6: Compute:
E « GMM(Uy, Su,ku - |Sul)

R

>Under-satisfied set
>Over-satisfied set

{argmin, g, d(x, €) : e € E}

return (Sy UE)U (So \ R)

we propose uses GMM (Algorithm 1) as a building block. We start
with a % approximation when m = 2. Then we present a Wl—l
approximation when m > 3. Both algorithms run in O(kn) time.
Finally, we present a %-approximation for m > 3 that also runs in
O(kn) on the assumption m is constant and k = o(log n). However,
the running time of this third algorithm will grow exponentially in
k when k = Q(logn).

Throughout the next two sections, we will refer to each of the
m groups as different colors. We think this makes the exposition
easier to follow.

4.1 Fair-and-Diverse Selection: m = 2

In the binary setting, the input is a set of points U = U; U U3 and
two non-negative integers (ki, k2) with k; < |U;| for alli € {1, 2}.
We want to select a set S with k; elements from each U; partition
such that the div(S) is maximized.

Algorithm and intuition (FAIR-SWAP). Algorithm 2 (FAIR-SwaP)
has two phases; the color-blind and the balancing phase. In the
color-blind phase, we call GMM by initializing I to the empty set so
as to retrieve a set S = 81 U Sy of size k (line 2). If |S;1| = k1 and
|S2| = ky then these two sets are returned. Alternatively, if one set
is smaller than required, then the other set is larger than required,
and we need to rebalance these sets. Let Syy be the set that is too
small and let S be the set that is too large. The algorithm next
finds k7 — |Sy| extra points E C Uy to add to Sy by again using
the GMM algorithm, this time initialized with the set Sg;. For each
point in E we then remove the closest point in Sp (line 6). In this
way we add ky — |Sy| points to Sy and remove k7 — |Sy | points
from Sp. After this rebalancing the size of Sy is

ISul + (ku = ISul) = ku
and the size of Sp is
ISol = (kv = ISul) =k -ku = ko

as required. Note that sets E and R will be empty if the sets are
already balanced after the color blind phase and thus the set S will
not be altered by the balancing phase.

Running-time analysis. The running time of Algorithm 2 is O(kn).
In the color-blind phase of the algorithm we run GMM on U with
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I = 0 and this takes O(kn) time. Then in the balancing phase,
computing the extra points E via the GMM algorithm takes O(kn)
time and computing R takes O(k?) time since there are fewer than
k points in E and at most k points in Sp.

Approximation-factor analysis. Let S* be the set of k points in U
that maximize the diversity when there are no fairness constraints.
Let ¢* = div(S*). Let ¥* = " U F," be the set of k points in U
that maximize the diversity subject to the constraint that for each
i € {1,2}, k; points are chosen of color i. Let é’;‘air = div(F*) and
note that £* > £; . .

We first argue that
div(S) = /2= €5, /2. 1)

This follows because, by the triangle inequality, there is at most one
point in 8* that is distance < ¢*/2 from each point in S; otherwise
two points in S* would be < £* apart and this contradicts the fact
div(8*) = ¢*. Hence, while the GMM algorithm has picked < k
elements, there exists at least one element in S* that can be selected
that is distance > ¢* /2 from all the points already selected. Since the
algorithm picks the next point farthest away from the points already
chosen, the next point is at least £*/2 from the existing points.
Next we argue

div(Sy UE) > €5, /2. )

To show this, first observe that, div(Sy) > div(S) > t’;air /2. Next
consider the points added to E by GMM. By the triangle inequality
there is at most one point in % that is distance < ¢ . /2 from each
point in Sty UE. Hence, while GMM has picked < k—|S7| elements,
there exists at least one element that can be selected that is distance
> (¢ . /2 from the points already selected. Since the algorithm picks
the next point farthest away from the points already chosen, the
next point is at least £ . /2 from the existing points.

From, Eq. 1 and Eq. 2 we can guarantee that d(x,y) > ¢; . /2
for all pairs of points x,y € Sy U E U Sp except potentially when
x € E and y € Sp. To handle this case, for each x € E we remove
the closest point in Sp. Note that by an application of the triangle
inequality and the fact that div(Sp) > f;air /2, for each x € E there
can be at most one point y € So such that d(x,y) < £; . /4. Hence,
after the removal of the closets points the distance between all pairs
is > ¢; . /4 as required.

We summarize the analysis of this section as follows:

THEOREM 3. Algorithm 2 is a 1/4-approximation algorithm for
the fair diversification problem when m = 2 that runs in time O(kn).

4.2 Fair-and-Diverse Selection: m > 3

Basic Algorithm. We start by presenting a basic algorithm that
takes as input a guess y for the optimum fair diversity. If this
guess is greater than the optimum fair diversity then the algorithm
may abort, but if the algorithm does not abort, it will return a fair
diversity at least y/(3m — 1).

Algorithm and intuition (FAIR-FLow). The approach of Algorithm
3 is to construct disjoint sets of points C1, Cy, . . . such that, if y is at
most the optimal fair diversity, it is possible to find sets S1,...,Sm
of sizes ki, ..., kmy such that each C; contains at most one point
from S; U ... US,,. If we can construct Cq, Cy, . .. such that for
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Algorithm 3 Fair-FLow: Fair Diversification for m > 3

Input: U, ..., Up,: Universe of available elements
kl,...,km A
v € R: A guess of the optimum fair diversity.
Output: k; points in U; for i € [m]
1: procedure FAIR-FLOW

2: for i € [m] do

3: Y; « GMM(U;, 0, k)

4: Z; « maximal prefix of Y; such that all points in Z; are
>d; = % apart.

5: Construct undirected graph Gz with nodes Z = | J; Z;
and edges (z1, z2) if d(z1, z2) < d2 = W’:l
6: Ci, Cy, . .. Ct « Connected components of Gz
>Construct flow graph
7: Construct directed graph G = (V, E) where

., v, b}
E = ({(a, u;) with capacity k; : i € [m]}

V. = {au,...,um, vy, ..

U {(v}, b) with capacity 1: j € [t]}
U {(u;, vj) with capacity 1: |Z; N Cj| > 1}

8: Compute max a-b flow.

9: if flow size < k = }; k; then return 0 >Abort
10: else >max flow is k
11: ¥ (u;, vj) with flow add a node in C; with color i to S

return S

any x € C; and y € Cj, then d(x,y) > do for some value d then
we have

div(§1U...USy) >d; .

Furthermore, because the sets C1, Co, . .. are disjoint it is possible
to find sets Sy, . . ., Sm with the required property via a reduction
to network flow (noting that the optimal flow in a network with
integer capacities is always integral). See the algorithm for the
precise reduction and see Figure 7 for an example.

The way we construct each Cy, Cs, ... is to first run GMM on
each color class i and use this to identify at most k points Z; of
color i such that div(Z;) > d; for some value d; to be determined.
We then partition | J; Z; into the disjoint groups Cq, Cy, . . . where
the partition satisfies the property that any two points x,y € |J; Z;
such that d(x,y) < dy are in the same group. Note that x, z will
end up in the same group if there exists y such that d(x,y) < d
and d(y, z) < d2; more generally two points can end up in the same
group because of a chain of points where each adjacent pair of
points are close. However, in the analysis, we will show that these
chains cannot be too long and, for appropriately chosen d; and
d3, any two points in C; are distance < d; from each other. In the
analysis, this will enable us to argue that if y is at most the optimal
fair diversity, it is possible to find the required sets S, ..., Sm.

Analysis of basic algorithm. We need a preliminary lemma that
argues that all the points in the same connected component are
close together.

LEMMA 1. For all connected components Cj,
Vx,y€Cj: d(x,y) < (m—1)d,

and C;j does not contain any two points of the same color.
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Figure 7: The graph construction in Algorithm 3 (line 7) correspond-
ing to m =3, k; = 2, k; = 1, k3 = 1. Points of color 1 are contained in
C; and C,. Points of color 2 are contained in Cy, C3, and C;. Points
of color 3 are contained in C; and Cs. Note there is an a-b flow of
size ki + k2 + ks iff it is possible to pick at most one point from each
C; while still picking at most k; points of color i for each i € [m].

Proor. Consider two points x,y € C; and let the length of a
shortest unweighted path Py, , between x and y in the graph be .
If £ < m—1thend(x,y) < (m— 1)dy as required. If £ > m then
there exists two points on this path (including end points) that have
the same color and this will lead to a contradiction. Consider the
subpath Py ;v C Py, where x” and y” have the same color i and
all internal nodes have distinct colors. Then the length of Py is
strictly less than

mdy =my/(3m—1) =d; .
But this contradicts d(x’,y") > d; for all points in Y;. a

The next theorem establishes that when the algorithm does not
abort, the solution returned has diversity at least y/(3m — 1) and
that it never aborts if the guess y is at most the optimum diversity.

THEOREM 4. Let f;;air be the optimum diversity. Ify < f;air then
the algorithm returns a set of points of the required colors that are

each > y/(3m — 1) apart. If y > f}air then the algorithm either

aborts or returns a set of points of the required colors that are each
> dy =y/(3m — 1) apart.

Proor. Note that if the algorithm does not abort then all points
are > y/(3m — 1) apart since any two points in different connected
components are > y/(3m — 1) apart.

Hence, it remains to argue that if y < £; . then the algorithm
does not abort. To argue this, we will construct a flow of size k
in the network instance. And to do this it suffices to identify k;
connected components including a point from Z; for each i, such
that the resulting set of k1 + k2 +. . . +k;, connected components are
all distinct. To do this, we start by defining a node u; to be critical
if | Z;| < k and non-critical otherwise. Let O; C U; be the set of k;
points in the optimum solution. For x € U;, let f(x) be the closest
point Z; to x. If u; is critical, then note that d(x, f(x)) < dj. Note
that for all points x,y € U;.criticalf (Oi),

d(x,y) > €. —2dy 2y - 2ym/(3m—1) = (m - 1)d,

and hence, by Lemma 1, this implies that all points in |;.critical f (Oi)
are in different connected components. We then consider each non-
critical node u; in turn. Since u; was non-critical and each con-
nected component has at most one point in each Z;, there are k
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connected components that include a point in Z;. At most k — k;
need to be used to pick points of other classes and hence at least
k — (k — ki) = k; remain. O

Final Algorithm. Our final algorithm is based on binary searching

for a “good" guess y for the optimum diversity {7 . where each
air

guess can be evaluated using the basic algorithm above. The goal is

to find a guess that is close to €7 . or larger such that the algorithm

does not abort. There are two natural ways to do this; which is best

depends on parameters of the data set.

Binary-searching over continuous range: For the first approach,
note that t’;‘air € [dmin» dmax] where

dmin = X’yg}g} vy d(x,y) and dmax = ax d(x,y) .

Hence, there exists a guess y = (1 + €)dpin for some
i€{0,1,2,...,log, R1} where R := dmax/dmin

such that €7, /(1+€) <y < (. . Note that for this guess, the
algorithm returns a (3m — 1)(1 + €) approximation. We can find
this guess (or an even better guess, ie,ay > (. for which the
algorithm does not abort) via a binary search over the 1+[log;, . R]
possible guesses. The number of trials required is

O(log(1 + [log;, . R1) = O(log(e™!) + loglogR) .

This analysis can be slightly improved by noting £, is at most
twice the minimum distance amongst Y1, ..., Y.

Binary-searching over discrete set: For the second approach we
note that after the algorithm’s initial step (which did not depend
on the guess y) there are only km points and hence at most (kzm )
distinct distances between remaining points. Hence, it suffices to
only consider guesses y such that d; or dz corresponds to one of
these O(k?m?) values. We can sort these values in O(k?>m? log km)
time and then binary search over this range to find a good guess
using O(log km) trials.

Final diversification result. Our main theorem of this section
follows by combining the binary search over a discrete set approach
with the basic algorithm from the previous subsection.

THEOREM 5. There is a m%l—approximation algorithm for the
fair diversity problem that runs in time O(kn + k*m? log(km)).

ProorF. The time to construct Y1, . .., Yy, is O(kn). We then need
to sort the O(k?m?) distances amongst these points. This takes
O(k?m? log(km)) time. The time to construct and solve the flow
instance is O(k?*m?) since the flow instance has O(km) nodes and
O(km) edges [36, 37]. Note that the binary search requires us to
construct and solve O(log(km)) flow instances. Hence the total
running time is as claimed. m]

If we used the binary search over a continuous range approach,
the running time would by

O(kn + k2m2 (log 671 + log log dmax/dmin))

and the approximation ratio would be m
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Algorithm 4 FAIR-GMM.: Fair Diversification for small k

Input: U, ..., Uy: Universe of available elements
kl,...,km cZ*
Output: k; points in U; for i € [m]
1: procedure FAIR-GMM
2: for i € [m] do
3: Y; « GMM(U;, 0, k)
4 By exhaustive search, find the sets S; C Y; for i € [m]
such that |S;| = k; and div(S; U . . . U S;;,) is maximized.

4.3 Fair-and-Diverse Selection: Small k, m

In this section, we present a simple algorithm that has the advantage
of achieving a better approximation ratio than the algorithm in
the previous section. The downside of the algorithm is that the
running time is exponential in k, specifically, O(kn + k2 (em)k).
However, when m = O(1) and k = o(log n) the dominating term in
the running time is O(kn), as in the case of the algorithms from the

previous sections.

Algorithm and intuition (FAIR-GMM). The basic approach of Al-
gorithm 4 is to first select k points (or less if there are fewer than k
points of a particular color) of each color via the GMM algorithm.
The resulting subset | J; Y; has at most km points and this is signifi-
cantly smaller than the original set of points assuming k and m are
much smaller than n. Hence, it is feasible to solve the problem via
exhaustive search on the subset of points. In the analysis, we will
be able to show that the optimal fair diversity amongst the subset
of points is at least 1/5 of the optimal fair diversity amongst | J; U;.

Analysis. To prove the approximate factor we need to show that
the optimal solution amongst the subset of points selected in step
one has diversity that is not significantly smaller than the optimal
diversity of the original set of points. To show this the basic idea is
that for each i, the set Y; will contain at least one point near every
color i point in the optimal solution or will contain k points such
that even if we remove any set of k — k; points to make space for
points of other colors, the remaining set of k; points of color i still
has sufficiently high diversity.

THEOREM 6. Algorithm 4 returns a %—approximation and the

running time is O(kn + k2(em)¥). Note that this is O(kn) when
k = o(logn) andm = O(1).

Proor. For the running time, note that Step 1 can be imple-
mented in O(kn) time. For Step 2, note that there are at most km
points in Y1, Ys, ... Yy, so a brute force algorithm needs to consider

at most (k,L" ) < (em)¥ sets of points and computing the min dis-

tance for each takes O(k?) time. Note that this is o(n) assuming
k = o(log n) and m is constant.

For the approximation ratio, it suffices to argue that if £ , is the
optimum value then there exists a set of points amongst Y1U. . .UY,,
with the required colors that are £, /5 apart. Let Z; be the maximal
prefix of ¥; such that all points at points are > 2{; /5 apart. For
each x € Uj;, let f(x) be the closest point in Z;. Call i critical if
|Zi| < k. Note that if i is critical, then d(x, f(x)) < ng‘air/s. Let
O; be the optimal set of color i points and consider the subsets
81,82, ...8m of points in Z1, Z3, . . . Zi, defined as follows:
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Figure 8: An example with m = 2 overlapping classes, with |U;| = 3
and |U;| = 4, where (a) the fairness constraints can be satisfied with
fewer than k elements and (b) a class has to be overrepresented to
satisfy the fairness constraints for all classes. Suppose we have to
pick two white and one black element (k = 3). A feasible solution
consists of two bi-colored elements, thus fewer than k, in which the
black class is represented by two and not just one element.

e For all i that are critical, let S; = f(O;) and let D = U; ¢ iticalSi-
Note that div(D) > [Fair - 4[Fair /5= fFair /5.

e Tor each j that is not critical: Remove all points in Z; that are
distance < £z, /5 from a point in D. Note that at most one point
in Zj is < €, /5 from each point in D because points in Z; are
> 26’&r /5 apart. Hence, at most |D| points are removed from Z;.

e Process the non-critical j in arbitrary order: Pick k; points S;
arbitrarily from Z;. Remove all points from Z that are distance
< f}"air/S from a point in S;. This removes at most k; points
from each Z;. Note that when we process j there are at least
k = (Zi:8; defined so far ki) = k = (k = kj) = k; points in Z;.

Note div(; Si) > £, /5 and this implies the claimed approxima-

tion factor. m]

5 GENERALIZING TO OVERLAPPING GROUPS

In this section, we show how we can extend our algorithmic frame-
work to allow the elements in the universe U to belong to multiple
classes, e.g., an individual may belong to multiple demographic
groups such as multiple races, or combinations of race, gender, and
other sensitive demographics. First, we formally define the problem
and show how our FAIR-SwaP and FAIr-FLow algorithms can be
adapted to support this generalized setting.

We assume a universe of elements U comprising of m possibly
overlapping classes U1, Uz, . . ., Upm, a pseudometric distance func-
tiond : U XU — Rar and a set of fairness constraints <k, . . ., k)
where each k; is a non-negative integer with k; < |U;|. Our goal
is to identify a set S C U to satisfy the fairness constraints such
that the minimum distance of any two items in S is maximized.

It will be convenient to introduce some additional notation. For
any L C [m], define

= ()0 ()

icl jeL

That is, X1 consists of all elements exactly in the classes of L and
no others. Note that if we select an element in X it contributes
to helping satisfy |L| of the fairness constraints. Hence, it may
be possible to satisfy all the constraints by picking fewer than
ki + ...+ km elements. Further, a feasible solution may require
more than k; elements for class i (example in Figure 8). Formally,
we define the problem as follows:
Falrt MAX-MIn:

maximize  min d(u,v)
Scu u,veS
u#v

subjectto  |[SNU;| > ki, Vi€ [m]
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5.1 Fair-and-Diverse Selection (Overlaps): m = 2

In the binary setting, the input is a set of points U that comprises
of m = 2 overlapping classes; U = X{1) U X{1,2) and Uy = X, U
X{1,2)- We design a swap-based algorithm, with 1/4-approximation
guarantee, which uses the idea of binary searching over a discrete
set of guesses for the optimum fair diversity, denoted as £ .

Algorithm and intuition (FAIRT-Swap). The algorithm takes as
input a guess y for the optimum fair diversity. We show that if
y < é’;kair, we can always find enough points to construct a fair set
S = S{l} US{z} US{l,Z} with div(S) > y/4 (where Sp = S N Xp).

The algorithm first finds as many points as possible in X{; 5} and
are at least % apart from each other. Let S(; ) be the resulting set,
with a total of ¢ points. Note that to satisfy the fairness constraints,
we need to add k; — t points for each class i in {1, 2}. The algorithm
proceeds to remove all points in U that are closer than % from any
point in Sy 2). It is easy to see that all remaining points, S*, can
only belong to one class, i.e., ST N X{1,2) = 0 (because all points
that did not make it to Sy 2) have to be closer than % from some
point in Sy 2)). Since S* does not have overlapping classes, we
can execute FATR-SwAP (Algorithm 2) on it to select a set with k; — ¢
points for each class i in {1, 2}. In our analysis, we show that S*
contains at least k1 — t and k2 — ¢ points from X} and X{y) that are
> y apart from each other. Thus, the FAIR"-Swap algorithm will
produce a set of points that are at least y/4 apart from each other.

THEOREM 7. FaIR"-Swap (Algorithm 6) is a polynomial-time algo-
rithm with 1/4-approximation guarantee for the fair diversification
problem with m = 2 overlapping classes.

We provide the pseudocode for the FAIR"-Swap algorithm (de-
scribed above) and the proof for Theorem 7 in Appendix C.

5.2 Fair-and-Diverse Selection (Overlaps): m > 3

The algorithm in this section is an extension of FAIrR-FLow (Algo-
rithm 3); the previous algorithm did not apply in the case when
classes could overlap whereas the new algorithm will. Throughout
this section, it will be convenient to use the following notation:

= (i)
“imra)

The approximation factor for the algorithm designed in this section
will be 3M — 1 in contrast to the 3m — 1 approximation for the non-
overlapping case. Note that for m = 2,3, 4,5 we have M = 2,3, 6, 10,
i.e., when the number of classes is small, M is still relatively small.

There are two main steps that need to be changed in the over-
lapping case: 1) defining a subset Z of the elements that will be
considered and 2) determining how many points to use that appear
in multiple classes. We discuss each in turn.

5.2.1 Defining Z. Recall that the first main part of FAIR-FLow
(Algorithm 3) was to select a subset of points of each color such
that all points in each subset was a certain distance apart. When
there are overlapping classes, we need to revisit how this is done.

Motivated by the fact that an element in X7/ contributes to at
least as many fairness constraints as an element in X if L c L’,
when we select a subset of points in U; we want to prioritize points
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that are also in other classes. For example, for m = 3 we have:

U = X1y UXq,2p UXy,3) UXjy23)
Uy = XpzpUX(1,2) UXz3) UXiy23)
Us = X33 UX(1,3UX33) UXj1,23) -

Consistent with “prioritizing points" in multiple classes, we con-
struct subsets of Uj, Uz, Us by first constructing a maximal sub-
set Z{1,2,3) C Xj1,2,3) subject to the constraint that all points
are at least d; from each other. We then define a maximal sub-
set Z{1,3) C X{1,3) such that every point is at least d; from each
other point in Z{; 3y and from points in Zy; 5 3}. We construct Zy, )
and Zj, 3) similarly. Finally Z;} is a maximal subset of X/} such
that every point is at least d; from each other point in Z{; and from
every point in Zy; 5y U Z(1,3y U Z{3,2,3}- Lines 3-5 in Algorithm 7
(given in the Appendix) generalize this process to arbitrary m.

Note that we ensure the property that all points in Z; are at least
d; far from each other and from any point in | J;/.; ;2 Z1 but the
subset of elements picked from Uy, i.e.,

Z{l} UZ[l,Z] UZ{1’3’ U Z!1’2’3] c U,

no longer satisfies the condition that they are all at least d; far
from one another. In particular, there may exist points x € Zp
and y € Zy, such that d(x, y) < d; if neither L or L’ is a subset of
the other.3 A natural question, and an issue that will arise in our
analysis is how many sets can there be such that no set is a subset
of another. Fortunately, the following classic result in extremal
combinatorics resolves this question.

LEMMA 2 (SPERNER’S LEMMA). A collection of sets is called an anti-
chain if none of the sets is a subset of another set. If all sets are subsets
of [m] then the maximum size of such a collection is M = (Lm’?}zj)’

Next, recall that FAIR-FLow (Algorithm 3) then constructs a
graph Gz where the nodes are the selected points and there are
edges between points if this distance is < dz. The new algorithm
proceeds similarly but with new parameters:

My Y
3M -1 3M-1"
With this setting of the parameters and appealing to Lemma 2 we
prove an upper bound on the distance between any two points in
the same connected components.

dy « and dy «

LEMMA 3. For all connected components Cj,
Vx,y€Cj: d(x,y) < (M-1)ds,

and Cj does not contain any two points a, b such that a € Xy and
b€ Xy whereL C L.

We provide the proof of Lemma 3 in Appendix C.

5.2.2  Guessing how much to exploit points in multiple classes. So
far we have (1) discussed how to select the subset Z of input points
and (2) partitioned Z such that we have some upper bound on
the distance between any two points in the same partition. In the
non-overlapping case, we could then argue it suffices to pick at
most one point in each partition and adding this point to the output
set S would increment |S N U;| for exactly one value i € [m]. In

3This is a generalization of the case when there was no-overlap. In that case there
could exist x € Z; and y € Z; such that d(x, y) < dj.
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the overlapping case, however, we may need to pick a point in a
partition that is in multiple classes and would increment |S N U;|
for multiple values of i.

To get the reduction to network flow to generalize to the non-
overlapping case we need to guess values cy for every non-empty
set L C [m] and require that we find at least ¢y, points in N;jer U;
such that the 3.1 c[s] cL points returned are distinct. The fact the
points need to be distinct allows the reduction to go through. Note
that to satisfy the fairness requirements we need that };.;¢p cr >
k; for each i.

EXAMPLE 1. Suppose we require k1 = 2 points from Uy and ky =
2 points from Uy. Then the guess c(1) = 2 and c(z; = 2 would
correspond to picking at least four distinct points, at least two from
Uy and at least two from Uy. In contrast, the guess c(1y = cjp) = 1,
and c(y,2) = 1 would correspond to picking at least three distinct
points where at least one comes from each of sets Uy, Uz, U N U-
respectively.

There are at most k2" ~1-™ possible guesses* to try for the values
and at least one is feasible since the optimal solution corresponds
to some set of guesses. With a feasible set of guesses, we then
essentially treat all sets L C [m] as colors although when we need
to pick ¢y points of color L, it will suffice to pick points with color
L’ if L’ is a subset of L.

The next theorem establishes that when the algorithm does not
abort, the solution returned has diversity at least y/(3M — 1) and
that it never aborts if the guess y is at most the optimum diversity.

THEOREM 8. Let {7 . be the optimum diversity. If y < €} . then
fair air

the algorithm returns a set of points of the required colors that are

each > y/(3M — 1) apart. If y > [;;air then the algorithm either

aborts or returns a set of points of the required colors that are each

>dy =y/(3M — 1) apart.

We provide the proof of Theorem 8 in Appendix C. The rest of the
algorithm and analysis follows similarly as Algorithm 3, where we
binary search for y in either a continuous or discrete space. The run-
ning time is increased by a factor of k2" =m=1pecause of the need to
guess the values {c[ } c[m]; thus FAIR-FLoW is a polynomial-time

_1
3([m”;2j)

6 EXPERIMENTAL EVALUATION

The contributions of our work are mostly of theoretical nature.
In this section, we provide some experimental results to evaluate
the behavior of our algorithms in terms of their approximation
performance, using synthetic data with computable and known op-
timal solution. For ease of presentation and readability, we always
present the approximation ratio as a value > 1 (i.e., an approxi-
mation with diversity score 4—11 of the optimal will be reported as
4). In the Appendix, we include further experiments on real-world
datasets to evaluate the price of fairness, namely, the diversity loss
that we incur by enforcing fairness constraints.

algorithm with a -approximation guarantee.

FAIr-Swap vs FAIR-FLow vs FAIR-GMM (m = 2). Figure 9

shows an empirical comparison of the approximation quality (OPT/ALG)

“4Recall that we typically consider m to be a small constant. A bound of k2™ s
immediate because there at most 2" — 1 quantities. A slightly tighter bound follows
by noting that cr. for all singleton sets L is implied once the other values are chosen.
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Figure 9: Comparison of the approximation performance of FaIr-
Swap, FAIR-FLow, and FAIR-GMM over a small synthetic dataset
(n = 50) with computable optimal solution for m = 2.
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Figure 10: Comparison of the approximation performance of FAIR-
FLow and FAIR-GMM over a small synthetic dataset (n = 50) with
computable optimal solution for m > 2.
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Figure 11: Approximation performance of FAIR-FLOw as m grows
over a synthetic dataset with known optimal solution. (n = 10, 128
and k = 128)

of our three algorithms, FAIR-SwaP (Algorithm 2), FAIrR-FLow (Al-
gorithm 3), and FAIR-GMM (Algorithm 4), for the case of m = 2. For
this experiment we vary k over a small dataset of n = 50 elements.
The small data size allows us to compute the true optimal solution
via exhaustive search. For the synthetic data generation, we follow
the process described in the work by Kleindessner et al. [32]. In par-
ticular, the dataset consists of n = 50 vertices, randomly-connected
according to the Erdés-Rényi model: there is an edge between each
pair of nodes with probability p = 2log n/n and the final graph is
connected with high probability. Then, we randomly and uniformly
assign each edge a weight w € [0, 100] while the pseudometric
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distance used in this setting is the shortest path between a pair
of nodes. The partitions of the data are generated by randomly
assigning each vertex to one of the m available groups. We report
results over 200 iterations of the experiment.

We find that, in practice, all algorithms perform better than
their theoretical guarantees (4, 5, and 5, for FAIR-SwaP, FAIR-FLOW
and FAIR-GMM, respectively). FAIR-SWAP consistently outperforms
FaIr-FLow, while FAIR-GMM has the overall best results. FAIR-
GMM, despite its restrictive nature, explores the feasible solution
space more broadly since it independently optimizes each group
and then exhaustively searches for the best fair subset. For example,
note that the solution derived by FAIR-FLOW is guaranteed to be
explored by FAIR-GMM as well: both algorithms build a solution
by selecting elements within the ¥ = [JJZ, Y; set, where ¥; is a
diverse set of at most k elements of color i picked by GMM.

FAIR-FLOW vs FAIR-GMM (m > 2). We use the same dataset gen-
eration process (with n = 50 and k = 6) to compare the performance
of Fair-FLow and FAIR-GMM as m increases. Figure 10 reports the
results over 200 iterations of the experiment. As expected, the ap-
proximation performance for FAIR-FLow worsens as m increases,
albeit not drastically.

We further evaluate the performance of FAIR-FLOw over larger
datasets with a known optimal solution using the following pro-
cess: Given an integer k, we construct a unit hypercube in the
D-dimensional space, where D = log, k. Note that the unit hyper-
cube has k = 2P corners that are at least one unit apart from one
another; thus, this set of k elements has a diversity score equal
to 1. We now add any number of points inside the hypercube, by
uniformly picking each dimension out of the D to be in the (0, 1)
range; any of these points will lead to diversity score less than 1,
thus the optimal set of size k is guaranteed to be the corners. The
partitions of the data are generated by randomly assigning each
point to one of m possible groups. Subsequently, we set the fairness
constraints (ki, ..., km) to correspond to the group assignment of
the corner points, so as to preserve the known optimal solution.

Figure 11 shows the approximation behavior of FAIR-FLOW, as
m increases, for deriving a set of size k = 128 over a dataset of n =
10, 128 elements. (FAIR-GMM is not included in this experiments,
because due to its restrictions on k and m it is no longer practical.).
As expected, the approximation worsens as m increases, but remains
well below the theoretical bounds. For example, the theoretical
bound of FAIr-FLow for m = 10 is 29, but empirically, the median
ratio is around 4.

7 RELATED WORK

Diversity is an important principle in data selection and summa-
rization, facility location, recommendation systems and web search.
The diversity models that have been proposed in the literature
can be organized into three main categories, (1) the distance-based
models where the goal is to minimize the similarity of the elements
within a set, (2) the coverage-based models where there exists a
predetermined number of categories and the aim is to maximize
the coverage of these categories [4, 35] and (3) the novelty-based
models that are defined so as to minimize the redundancy of the
elements shown to the user [10]. For further information, we refer
the reader to the related surveys [20, 21].
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Max-Min and Max-Sum diversification are two of the most well
studied distance-based models[16, 27, 29, 39], and there exist ef-
ficient algorithms with strong approximation guarantees for the
unconstrained version of the problems in the offline setting (dis-
cussed in Sections 1 and 2). In the streaming and distributed settings,
prior work uses the idea of (composable) core-sets that have been
proven to be a useful theoretical tool for designing online and
distributed algorithms.

Indyk et al. [31] design (composable) core-sets for various di-
versity models in general metric spaces, including Max-Min and
Max-Sum. Some of these results are further improved in the work
by Aghamolaei et al. [3], resulting in the currently best known
results in metric spaces: % and (% - 6)—appr0ximate core-sets for
Max-Min and Max-Sum respectively. Ceccarello et al. [12] study
the diversification problem in metric spaces of bounded doubling
dimension and design (1 — €)-approximate core-sets for both Max-
Min and Max-Sum diversity models among others. In a recent work,
Borassi et al. [7] design novel algorithms in the sliding window
setting. There is also a line of work that focuses on designing effi-
cient indexing schemes for result diversification [2, 22, 43], which
however is not the focus of our work.

There is relatively little prior work on constrained diversification.
The closest to our work is fair Max-Sum diversification (discussed in
Sections 1 and 2) and fair k-center clustering (discussed in Section 1
and Appendix B). To the best of our knowledge, our work is the
first to augment the traditional Max-Min with fairness constraints.

Prior work has also combined fairness with the determinant
measure of diversity [13]. That work models fairness constraints
the same way as we do, but their algorithmic framework is entirely
different. There, data is represented as vectors, and at each iteration
the algorithm identifies the item that is most orthogonal to the
current vector, which gets updated with the new item’s projection.
The limitation of this method is that it can only work in high-
dimensional data (e.g., it would not work at all on one-dimensional
data). Other work on diverse set selection focused on satisfying
fairness constraints while optimizing an additive utility [41]. These
methods do not apply to our setting as Max-Min is not additive.

Prior work has also examined the satisfaction of fairness con-
straints or preferences in specialized settings, such as rankings [14,
44, 45]. Work in this domain focuses on specifying and measuring
fairness and augmenting ranking algorithms with fairness consider-
ations. Related work on diverse top-k results focuses on returning
search results by a combined measure of relevance and dissimilarity
to results already produced [5, 38].

Our fairness constraints are based on the definitions of group
fairness and statistical parity [24]. We do not pick a particular def-
inition of fairness, and do not place particular restrictions on the
values and distribution of (ki, ..., km,). This model can express
equal and proportional representation, as well as any other distri-
bution. There are other, non-parity-based definitions of fairness
that fall outside our framework. For example, individual or causal
fairness [26] examine differences in treatment of individuals from
different groups who are otherwise very similar, but these are not
the focus of this work.
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8 SUMMARY AND FUTURE DIRECTIONS

In this paper, we focused on the problem of diverse data selection
under fairness constraints. To the best of our knowledge, our work
is the first to introduce fairness constraints to Max-Min diversifica-
tion. We studied both cases of disjoint and overlapping groups and
proposed novel polynomial algorithms with strong approximation
guarantees. For the case of disjoint groups, our algorithms have
linear running time with respect to the size of the data. Overall,
our work augments in significant ways the existing literature of
traditional problems that have been studied under group fairness
constraints.

We discuss here some possible directions that extend our work
through the exploration of problem variants, or intuitions towards
improvement of the known algorithms and bounds.

Extending the swap algorithm to the general case. Our FAIr-
Swap algorithm provides a better bound compared to our FAIr-
Frow algorithm for the case of m = 2 (‘—11 and é respectively). This
indicates the possibility that the swap algorithm, if extended to the
general case, could perhaps result in a better bound than FAIR-FLow.
Using partition matroids. As we discussed in Section 3.2, our
fairness constraints correspond to partition matroids, and in fact
our results apply to the more general case of constraints that can be
expressed as partition matroids. It is possible that results relevant
to matroids can be exploited to improve the algorithms and bounds
for the FAIR MAX-MIN problem.

Approximating fairness. Our algorithms aim to approximate the
diversity score of the optimal solution to FAIR MAax-MiN, while
guaranteeing the satisfaction of the fairness constraints. A possible
problem variant could explore the relaxation of the fairness con-
straints, and seek to minimize their violation while guaranteeing
a diversity score at least as good as the solution to unconstrained
Max-Min diversification.
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APPENDIX
A EVALUATION: PRICE OF FAIRNESS

We provide some additional experiments with two real-world datasets
to examine the price of fairness, namely how much diversity loss
do we incur by enforcing fairness constraints, compared to the
unconstrained version of the diversification problem. Further, we
measure how much a fairness-agnostic solution violates the fairness
constraints.

In particular, we compare the diversity score of sets derived by
FaIr-FLow (Algorithm 3) against the ones derived by the fairness-
agnostic GMM (Algorithm 1). To model how unfair a GMM solution
can be, we observe that the fairness constraints define a target
distribution across the m different groups within a fair set. So, an
intuitive way to model unfairness, or equivalently the degree by
which a GMM solution violates the constraints, is as the distance
between the target distribution, that a FAIR-FLow solution follows,
and the distribution that a GMM solution follows.

Specifically, we use the Jensen-Shannon distance (JS-distance)
defined as the square root of Jensen-Shannon divergence, a symmet-
ric version of KL-divergence which is a frequently used to measure
dissimilarity between two distributions. The JS-distance is a metric
that takes values within [0, 1] with higher values indicating lower
similarity (e.g the JS-distance of two identical distributions is equal
to zero). Given a pair of distributions p, g, the JS-distance is defined
as:

Dys(p.q) = \/DKL@nz);DKL(qnz)

where z is the pointwise mean of p, g and Dk is the KL-divergence,
defined as:

Dir(pllz) = Y p(x) log(%)

In our evaluation, we use two real-world datasets and experiment
with both binary and non-binary sensitive attributes. Below, we
describe the different scenarios we explore for the two datasets.

Adult [23]. This is one of the most-commonly-used datasets in the
fairness literature. It is extracted from the 1994 Census database
and records income-related information. We preprocess the data to
remove records with missing attributes, resulting in a data set with
n = 30,162 tuples. The distance between two records is defined
using the £2-norm over the six available numerical attributes (age,
capital-gain, capital-loss, etc.) that we normalized to zero mean and
unit variance.

For the experiments on the Adult data, we first select sex as the
sensitive attribute over which we specify fairness constraints so
as to proportionally or equally represent the different demographic
groups and range k from 10 to 250. Sex defines 2 demographic
groups (m = 2): Female (9, 782 records) and Male (20, 380 records).
We then select race as the sensitive attribute over which we specify
fairness constraints. Race defines 5 demographic groups (m = 5):
White (25, 933 records), Asian-Pac-Islander (895 records), Amer-
Indian-Eskimo (286 records), Black (2, 817 records), and Other (231
records). In Figures 12(a), 12(b), we report the median value of
the corresponding evaluation metric along with 90% confidence
interval over 10 iterations of the experiment.

Bank Marketing [23, 40]. This dataset is related with direct mar-
keting campaigns of a Portuguese banking institution and consists
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Figure 12: Comparison of the FAIR-FLow and the fairness-agnostic
GMM in the Adult data.
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Figure 13: Comparison of the FAIR-FLow and the fairness-agnostic
GMM in the Bank Marketing data.

of n = 41, 188 tuples. We define the distance between two records
using the {3-norm over the ten numerical attributes (age, duration,
etc.) in the Bank Marketing dataset that we normalized to zero
mean and unit variance.

For the experiments on the Bank Marketing data, we select mar-
ital status as the sensitive attribute for the experiments over which
we specify fairness constraints so as to proportionally or equally
represent the different demographic groups and range k from 10 to
250. Marital status defines 4 demographic groups (m = 4): Married
(24, 928 records), Divorced (4, 612 records), Single (11, 568 records)
and Unknown (80 records). Subsequently, we rearrange the par-
titions to define two groups; Married (24, 928 records) and Non-
married (16, 260 records) and we experiment in a binary setting. In
Figure 13(a), 13(b), we report the median value of the correspond-
ing evaluation metric along with 90% confidence interval over 10
iterations of the experiment.

We note that, as expected, the diversity score drops when we
incorporate fairness constraints. However, the price of fairness is
small especially in the case of binary attribute settings. Nonethe-
less, we observe that the fairness-agnostic GMM can violate the
constraints by a wide margin especially in the presence of high
imbalanced groups and equal representation scenarios. (e.g in Fig-
ures 12(b), 13(b)). Overall, we believe that the price of fairness is a
characteristic of the data (e.g how close the optimal solutions for
the unconstrained and fair Max-Min problems respectively are) and
algorithmic dependent (e.g how well an algorithm approximates
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the optimal solution for Max-Min and fair Max-Min). In particular,
notice that although our algorithms have a linear dependence on
m, the price of fairness does not drastically increases as m grows.

B RESULTS ON FAIR k-CENTER CLUSTERING

In this paper, our primary focus has been on fair diversification
using the Max-Min objective. In Section 1, we discussed how the
unconstrained Max-Min diversification and the k— center cluster-
ing problems are closely-related; notably, the best approximation
algorithms for the unconstrained variants of both problems are es-
sentially equivalent and result in the same approximation bound. In
this section, we formally define the k— center clustering, introduce
its fair variant and discuss the known approximation results for
this problem. We then explore how algorithms and intuitions from
our work on fair Max-Min diversification can be adapted towards
the fair k-center clustering problem.

The k-center and fair k-center clustering problems. The
objective of k-center clustering is to identify k cluster centers, such
that the maximum distance of any point in the universe of elements
U from its closest cluster center is minimized. This maximum dis-
tance is referred to as the clustering radius. More formally, given a
distance metric d, k-center clustering is expressed by the following
minimization problem:

minimize max d(u, S)
SCcU,|S|=k uelU

where d(u, S) = mingc g d(u, s). Note that this objective does not
preclude cluster centers from being close to each other, and in fact
an optimal solution to k-center clustering could be arbitrarily bad
for Max-Min diversification.

Algorithms and approximations. Just like Max-Min diversifica-
tion, k-center clustering is NP-complete. The greedy approximation
algorithm proposed by Gonzalez [28] is essentially equivalent to
GMM (Algorithm 1) and provides a 2-approximation with linear
running time.

Notably, there is recent work that augments the problem with
fairness constraints [32]: Given m non-overlapping classes in U =
U;Z Ui and non-negative integers (k1, . . . , km), the goal is to derive
a set of cluster centers S, such that |S N U;| = k;. The fair k-
center clustering problem can also be expressed by a partition
matroid, for which Chen et al. [17] provide a 3-approximation with
a quadratic runtime. Kleindessner et al. [32] provide a linear-time
5-approximation algorithm for the case of two classes (m = 2), and

2m—1

a linear-time (3 . - l)—approximation for the general case, a

result recently improved to 3(1 + €) by Chiplunkar et al. [? ].

Our contributions to this problem. In Section B.1, we provide
a linear-time 3-approximation for fair k-center clustering, offering
a slight improvement over the very recent result by Chiplunkar et
al. [? ] (noting that the two results were derived independently).

B.1 Fair k-center clustering

We show how we can adapt our FAIR-FLow algorithm (Algorithm 3)
and design a constant factor 3-approximation for fair k-center clus-
tering with linear running time. We further discuss how the work
by Chiplunkar et al. [? ] is related to ours and show which is the
key idea that let us improve upon their method.
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Basic Algorithm. We start by presenting a basic algorithm that
takes as input a guess y for the optimum fair clustering radius.
If this guess is less than the optimum fair clustering radius r;‘air
then the algorithm may abort but otherwise it will return a fair
clustering with radius at most 3y.

Algorithm and intuition. The basic idea behind Algorithm 5 (FAIR-
FLow-CrusT) is to construct a set of points Y = {y1,...,y;} where
all distances between these points are > 2y apart and all points
not in this set are < 2y from some point in Y; this can be done via
the GMM algorithm (lines 2 and 7). The fact that each pair is > 2y
apart implies that any k-center clustering, fair or otherwise, with
covering radius < y has the property that at least one center must
be within a distance y from each y; and that no center is within
distance y of two points y;, y; since, by appealing to the triangle
inequality, this would violate the fact that d(y;, y;) > 2y.

The algorithm constructs a sets Cy, . . ., C; such that we will be
able to argue that if we can pick a fair set of cluster centers from
C1 U...UC; such that exactly one point is picked in each C; then
we get a clustering with cluster radius 3y. Furthermore, if y > rg . ,
such a set of centers can be proven to exist. We will then be able
to find these centers via a reduction to network flow. The network
constructed is the same as in Algorithm 3 although the C; sets in
that algorithm are constructed differently. The only difference is
that because we need exactly one point in each of C1,Cs,...,Cy,
we need to find a flow of size ¢ rather than a flow of size k. Note that
if we are able to construct a flow of t < k, we can arbitrarily add
the cluster centers missing from a class i € [m] without affecting
the clustering radius of the solution.
r]tair
clustering with radius at most 3y. Ify < r]’ﬁair then either the algorithm

THEOREM 9. Ify > then the above algorithm returns a fair

aborts or it returns a fair clustering with radius at most 3y.

Proor. Note that if the algorithm does not abort, the algorithm
identifies exactly one point in each of the disjoint sets Cy,...,C;
such that at most k; points of color i are chosen for each color
i € [m]. Since the algorithm did not abort at Step 3 we know that
all points in U are within distance 2y of some point y; and hence
at most distance 2y + y from the selected point in C;. Hence, we
return a fair clustering with covering radius at most 3y as required.

It remains to show that if y > r . then the algorithm does not
abort. The algorithm does not abort at line 5 since this would imply
there exist k + 1 points that are > 2y from each other and this
implies r; . > y. Define E; = {x : d(x,y;) < y} and note that the
optimum solution must pick a point in each E; since otherwise y;
is not covered within distance y. Hence, we know it is possible to
pick at most k; points of color j such that exactly one point c; is
picked in each E;. Note that E; has a point of color i iff C; has a
point of color i. Hence, it is also possible to pick at most k; points
of color i (for each i € [m]) such that exactly one point c; is picked
in each C;. Hence, there exists a flow of size t where (u;, v;) has
flow 1iff ¢; has color i and all edges into b are saturated. O

Final Algorithm. We now proceed as in the case of FAIR-FLow
(Section 4.2): we can either binary search for the good y over the
continuous range [dpin, dmax] or over the discrete set of all dis-
tances between points in Y U D; U D2 U ... U Dy,. In the first case,
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Algorithm 5 FAIrR-FLow-CLusT: Fair k-Center Clustering

Algorithm 6 FAIrR"-Swap: Overlapping classes for m = 2

U, . .., Up: Universe of available elements
kl,...,km cZ*

y € R: A guess of optimum fair clustering radius.
Output: k; points in U; for each i € [m]

Input:

1: procedure FAIR-FLow-CLUST

2: Y={y1, ..., Yr+1} & GMM(U, 0, k + 1)
3: for j € [k] do
4: Dj « {argminxe.uid(x, y;): i € [m]}
5: if d(ygs1, {y15 - - -, yr}) > 2y then return 0 >Abort
6: else
7: Y ={yy, . .., ys } with minimum ¢ < k such that
d(yesr, {yr, -, ye}) <2y
8: for j € [t] do
9: Ci—{xeDj:d(x,yj) <y}
>Construct flow graph

10: Construct directed graph G = (V, E) where

V. = {aw,...,um, v, ..., 0 b}

E = {(a, u;) with capacity k; : i € [m]}

U {(vj, b) with capacity 1: j € [t]}
U {(u;, vj) with capacity 1: |Z; N Cj| > 1}
11: Compute max a-b flow.
12: if flow size < ¢ then return 0 >Abort
13: else >max flow is ¢
14: ¥(u;, v;) with flow add a node in C; with color i to S
return S

we need O(loglog;, . dmax/dmin) instantiations of the basic algo-
rithm before we find a clustering with approximation ratio 3(1 + €).
In the second case, we need to sort O(k?m?) distances and then
need O(log k) instantiations.

THEOREM 10. There is a 3-approximation for fair k-center cluster-
ing with running time O(kn + m*k? log k).

Proor. Note that Y and Dj,Da,...,D,, can be computed in
O(kn) time. The flow instance has O(k) nodes and O(mk) edges.
Hence, it can be solved in O(mk?) time [36, 37]. The total running
time is therefore O(kn + m?k? log k + mk?logk) as required. O

Prior work has proposed another 3-approximation algorithm for
fair k-center clustering [17], but the running time of that algorithm
is quadratic with respect to the data size (n). Our 3-approximation
bound for FAIR-FLow-CLUsT offers a slight improvement over the
recent linear-algorithm with a 3(1 + €)— approximation guarantee
by Chiplunkar et al. [? ].

Same as Chiplunkar et al. [? ], we use the idea of guessing the
optimum fair clustering radius using binary search and show how
constructing a fair solution reduces to network flow; Chiplunkar
et al. [? ] first express the selection of a set of fair clusters as a
matching problem (which they reduce to network flow). The key
difference is that their approach generates the guesses using the
continuous range method, or geometric guessing as they refer to
it, which we also describe here. As a result both their running
time and approximation has a dependence on €. We show that
discrete guessing over O(k?m?) values, which is a smaller set than
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Uy, U,: Universe of available elements
v € R: A guess on the optimum fair diversity
kl, kg eZ*
Output: at least k; points in U; for i € {1, 2}
1: procedure FAIR*-Swap
>Select as many bi-colored points as possible:

Input:

2: S(1,2) < maximal subset of X{; 5y with all points > y /4 apart
>Remove all points (of any color) arbitrarily close to
Sii,2):

3: S~ « all the points in U that < y /4 apart from a point in Sy; 2

¢ Ste—U\S »ST =80, U8, € Xy U X

>Select the missing points to satisfy the constraints:

5 Set t =[Sy,

6 if |[STNU;| > k; —tfori € (1,2} then

7: Si1) U Szy < FAIR-SWAP(S*, ky — ¢, ko — 1)

8 S « S(l] V] S(g) U 3(1,2;

9 else

10: S0 >Abort
return S

all the O(n?) pairwise distances of the elements in U, provides a
3-approximation guarantee.

C ADDITIONAL ALGORITHMS AND PROOFS

In this section, we provide proofs for the theoretical results de-
scribed in Section 5. We further provide the pseudocode for the
FaIrT-Swarp algorithm (Algorithm 6), described in Section 5.1, and
the pseudocode for the FAirt-FLow algorithm (Algorithm 7), de-
scribed in Section 5.2.

ProOF OF THEOREM 7. Let O = O(1) U O(z; U Oyy,2) be the set
that maximizes diversity and satisfies the fairness constraints with
div(0) = . .; thus, for any pair of optimal elements 01, 02 we have
d(o1,02) > €, . We prove that for any guess y < £; . , Algorithm 6
returns a set S = Sy1) U Sypy U Syy,2) with div(S) > y/4.

First, notice that div(Sy;,2;) > y/4 (by definition) and that S~
set in line 3 of algorithm 6 contains all the points in Sy; 3; and any
points (of any color) arbitrarily close to them (including the points
in Syy,2))- As aresult, it follows that for any pair of points x € Sy; 2)
and y € S*, we have d(x,y) > y/4. Consequently, S* consists of
only single-colored points (if there were any bi-colored elements in
S* to satisfy the distance property, they would have been selected
in the first step of the algorithm). Note that ST = S ;’1} uS {+2 } with

Sl+' C Xy; fori € {1, 2}. We argue that for any guessy < £, ST
i} fair
contains at least k; — t elements for i € {1, 2} that are > y apart.
Thus, FAIR-SwaP will find a set of points to satisfy the fairness
constraints that are at least y/4 apart from each other.

Let c{’1 P c{’z}, 1.2) be the number of optimal points in Oy}, Oy}
and Oyy, 2y respectively, present in S™ (noting that these are points

that cannot be selected by FAIR-SwaP). Observe that

&

C{_I] +c{_2} +c{_1’2} <t

since at most one optimal point can be < y/4 from a point in Sy, 5}.
For the sake of completeness, suppose that there exist a pair of 01, 03
optimal points such that d(o1,x) < y/4 and d(02,x) < y/4 from
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Algorithm 7 Fairt-FLow: Overlapping classes

U, . .., Up: Universe of available elements
cr € Z" forall L C [m]: A guess of the flow distribution

Input:

vy € R: A guess of the optimum fair diversity
kl,...,km cZ*
Output: at least k; points in U; for i € [m]

1: procedure FAIR'-FLow

2 Define

dr e My Y

3M -1 3M -1
Z[m)] < maximal subset of X[,,) with all points > d; apart.
fort=m-1,m-2,...,1do

and dy «—

for all sets of L of size t do
Z1, < maximal subset of Xy, such that all points in Zp,
are > d; from every other element in

VAR,
L’e[m]:|L’|>¢t+1,LcL’

ZL’

7: Construct undirected graph Gz with nodes Z = Urc[m] ZL
and edges (z1, z2) if d(z1, z2) < d2
8: Cy, Cy, ... C; « Connected components of Gz
>Construct flow graph
9: Construct directed graph G = (V, E) where

Vo= {goun..unbu | fur)
Lc[m]:|L|>0
E = {(a, ur) with capacity cr, : non-empty L C [m]}
U {(vj, b) with capacity 1: j € [t]}
U {(ur, vj) with capacity 1: |Z; N Cj| > 1}
10: Compute max a-b flow.
11: if flow size < Y[ c[m] cs then return >Abort
12: else
13: Y(ur, v;) with flow add a node in C; € (NjesU;) to S
return S

IA

some point x € Sy 2); by triangle inequality we get d(o1, 02)
y/2 < é’;‘air/ 2 (contradiction).

As a result, it follows that there are at least k1 — c{_l} - c€_1 2 >
C{_Z} ~C2) >ky—t OfO{Z}
present in S* that are > y > t’f*air apart. So FAIR-SwaP will be able
to find a set Syq1y S{+1} and Sy C S{+2} with the required number
of elements such that div(S(;} U Sy3}) = y/4; thus div(S) > y/4.

If we perform a binary search over all the pairwise distances of
the points in U, we will find a guess y = ¢ . , which implies the

air
claimed approximation factor for FAIR'-Swap. O

k1 — t optimal points of O(;} and k; —

ProOF oF LEMMA 3. Consider two points x,y € C; and let the
length of a shortest unweighted path Py, ; between x and y in the
graph be €. If £ < M — 1 then d(x,y) < (M — 1)d; as required.
If £ > M then by Lemma 2, there must exist two points on this
path (including end points) in X and Xy’ such that L and L’ are
comparable, i.e., L is a subset of L’ or vice versa and this will lead
to a contradiction. Consider the subpath P, ,» C Py, y such that
x” € Xp and y’ € Xy, for some comparable L and L’. If the internal
nodes are x1, x2, . . . and these belong to sets X7, Xp,, ... then by
definition of x” and y’, the collection of sets {L1, Ly, ...,L"} is an
anti-chain and hence the size of this collection is at most M by
Lemma 2. Hence, the length of the path between x” and y’ is also
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at most M and therefore
d(x’, y/) <Mdy; =d; .

But this contradicts d(x’,y’) > d; because x” € Xy and y’ € X/
where L and L’ are comparable. O

Proor or THEOREM 8. Note that if the algorithm does not abort
then all points are > y/(3M — 1) apart since any two points in
different connected components are > y/(3M — 1) apart.

Hence, it remains to argue that if y < £; . then the algorithm
does not abort. To argue this, we will show it is possible to construct
a flow of size ), cr. And to do this it suffices to, for each L C [m],
identify ¢, different connected components that each include a
point from N; e U;.

Let O = UL c[m] OL be an optimal solution where Op = O N X[
and let c; = |0y |. We will henceforth consider the iteration of the
algorithm which guessed this set of {cf}; c[m) values. For every
point x € O, let f(x) be the closest point in Z where for all i,

xeU = f(x) e U;
Note that this requirement ensures that if x is replaced by f(x)
then all the fairness constraints are still satisfied. By construction
of Z, d(x, f(x)) < di. Hence, for any x,y € O,
d(x,y) > € —2d1 2y —2yM/(3M — 1) = (M — 1)d,
and hence, by Lemma 3, this implies that all points in f(O) are

in different connected components. This implies that there exist
connected components with the necessary requirements. O
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