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Abstract—We prove that approximating the size of the Binary Erasure Channel (BEC) fail on stopping sets [3],
smallest trapping set in Tanner graphs of linear block g subset of which are the codewords themselves. For the
codes, and more restrictively, LDPC codes, is NP-hard. Additive White Gaussian Noise (AWGN) channel and

The proof techniques rely on reductions from three NP- duct d di fail ise due t bsets of
hard problems, the set cover, minimum three-dimensional Sum-product decoding, Tailures arise due to subsets o

matching, and the minimum Hamming distance problem. Vertices in the code graph termeéar-codewords
The ramifications of our findings are that methods used  As a result, iterative decoders exhibit sub-optimal

for estimating the height of the error-floor of Iong LDPC performance Compared to ML decoders, and this per-
codes, centered around trapping set enumeration, cannot ormance loss most frequently manifests itself in terms
prOV|de accurate worst-case performance pl’edlCtIOf‘IS. . .

of the appearance ddrror-floors in the Bit-Error-Rate
(BER) curve of the code.

The error-floor phenomena is a problem of focal

In the past decade, the search for efficient and neafportance in the theory of iterative decoding, since
optimal decoding algorithms for linear block codes culmany practical applications of codes on graphs require
minated with the rediscovery and generalization of thextremely low operational BERs. Since such low BERs
notion of sparse codes and iterative message passiitg well beyond the scope of current Monte-Carlo
algorithms. Iterative decoders can approach the Shanmgimulation techniques, several methods were proposed
limit of reliable communication with polynomial time for estimating the height of the error-floor based on
complexity, provided that they operate on long, lowenumerating small trapping sets and exploring dominant
density parity-check (LDPC) codes. This is achieved hiyistantons [12], [13]. These techniques perform fairly
using graphical representations of codes, termed Tanm@iurately for codes of short and moderate length, but
graphs, that contain a small number of edges. On sugiey are time consuming, and no rigorous analytical
graphs, probabilistic inference of the form of iterativgtudy of the termination criteria for the search procedure
message passing is known to have linear complexity. is known.

The performance of linear block codes under iter- Recently, it was shown that the problem of finding the
ative decoding, and the performance of LDPC codesnallest stopping set in an arbitrary code graph is NP-
in particular, depends on the structural properties ofard to approximate up to a constant term [10]. In [17],
their underlying Tanner graphs. For each channedt-was shown that finding the smallektout set which
decoder pair, there exist vertex configurations in thepresents a straightforward generalization of the notion
code graph on which a given iterative decoder fail®f a stopping set, is NP-hard as well. The results in [17]
For some frequently encountered Discrete Memoryled® not capture the fact that trapping sets are usually
Channels (DMCs), such configurations are known aharacterized in terms of two parameters. Furthermore,
near-codeword§9], trapping and stopping sef8], [12], the notion of a trapping set is meaningful only in
pseudocodewordg’], or instantong[13]. conjunction with a fixed decoding method. Finally, no

It is known that maximume-likelihood (ML) decodershardness results for approximatikgout sets or more
fail when transmission errors are confined to Tanngeneral trapping sets are currently known.
graph configurations corresponding to codewords, while The main contribution of our work are three-fold.
iterative decoders usually fail to make correct decisiori&rst, we improve upon the hardness results of approx-
on (strictly) larger sets of configurations. For examplémating stopping sets, presented in [10]. Second, we
iterative edge-removal (ER) decoders for coding over thpgovide a set of new results regarding the hardness of
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finding the smallest trapping sets for the Zyablov-Pinsker Definition 3 (AWGN Trapping Setsisiven a bipar-
(ZP) decoder [19], [18], and the product-sum decoddite graphG = (LU R, FE) we sayS C L is an(a,b)
The third, and most important result, asserts that thesapping setT" if |S| = « and the induced graph on
hardness results carry over to the case of LDPC codeJI'(S) is such thaf’(S) has exactly vertices of odd
graphs. degree. Similarly, we say thet C L is an elementary
The paper is organized as follows. Section Il introfa, b) trapping setl, if b vertices inT'(S) have degree
duces the trapping set structures under investigatiane, andI'(S)| — b have degree two.
as well as their corresponding decoding algorithms. Definition 4 (AWGN Trapping Sefg.): Given a bi-
Section Il provides a brief overview of a class of NPpartite graphG = (L U R, E) we sayS C L is good
hard problems that are used in the reduction proofs ibfthe induced graphGs on S UT'(S) is such that the
our main result. Section IV contains results regarding theajority of vertices ofGs in I'(S) have even degree. A
hardness of approximating trapping sets, while SectionaubsetT,. of L is aBSC Trapping Seif 7. and L \ 7,
specializes these results for the class of sparse cate both good.
graphs. We are concerned with the worst-case computational
complexity of the following problems.

Il. PROBLEM SETUP 1) MINSTOP: Find the stopping set of minimum

Let H be a fixed parity-check matrix @f, and let the cardinality.
bipartite graph; = (LU R, E) be such that the columns  2) MiNT,»: Find the ZP-trapping set of minimum
of H are indexed by theariable nodesn £, and the cardinality.
rows of 11 are indexed bycheck nodesn R. Fori € L 3) MINT: For a givena, find a trapping sef” with
andj € R, (i,j) € Eif and only if H; ; = 1. For a smallest value of the parametier
setS C L, the notation['(S) is reserved for the set of 4y M|NT,: For a giverb, find an elementary trapping
neighbors ofS in R. The graphG is called the Tanner setT. with smallest value of the parameter

graph ofC, with parity-check matrixt. If the parity- ~ 5) MINT,: Find the 7, trapping set of minimum
check matrix of a code is sparse, the corresponding code  cardinality.
is called a Low-Density Parity-Check (LDPC) code.  \ye show that all five problems described above are
The messages passed between vertices of the TanQfLhard, Furthermore, we show that is also NP-hard to
graphs during iterative decoding depend on the partignyroximate the optimal value for these problems, e.g.,
ular choice of the transmission channel. For a detail§dere exists a value > 1 such that if there existed a
description of decoding procedures for signaling ngolynomial-time algorithm that always returned a value
the BEC channel (the well known edge removal (ERjt most a factora larger (or smaller in the case of
algorithmy, the BSC channel (the Zyablov-Pinsker (ZP} maximization problem) than the optimum value then
algorithm), and AWGN channel (the product-sum algop _ N p. Approximation algorithms is an important
rithm), the interested reader is referred to [3], [19], [18kyeq of study in theoretical computer science. See [16]

[12]. for further details.
Note that for the AWGN channel, and message-

passing algorithms, no precise analytic characterization Il. A SET OF NP-HARD PROBLEMS

of all failure modes is known. Extensive computer sim- Our proofs will be based on reductions from
ulations [12], [8] show that errors are usually confinethe NP-hard problems Minimum-Set-Cover [11],

to near codewordsthat resemble codewords in so faMinimum-Distance [14], [15], [4], and Maximum-
that they result in a very small number of unsatisfiehree-Dimensional-Matchingroblems [2]. We briefly
check equations. We focus our attention on three sudgscribe these problems

configurations, defined below. 1) MINSETCOVER: Given a set of sets§ =
Definition 1 (BEC Stopping Sets{ziven a bipartite {S1,...,58.}, find S’ C S of minimum cardinality

graphG = (LU R, E), we sayS C L is astopping-set such thatUges/ S = UgesS. The problem is NP-

if the degree of each vertex In(.S) in the induced graph hard and not approximable withinlog | Uges S|,

Ggs on SUT(S) is at least two. for some constant > 0. A special promise version
Definition 2 (BSC ZP-Trapping Setshet G = (L U of MINSETCOVER where |S;| < K is also NP-

R, E) be a regular bipartite graph with left-degréane hard and Approximation-complete. We call this

sayS C L is a ZP trapping set if the induced graphy problemMINKSETCOVER.

on SUT(S) is such that all vertices i§ are connected 2) MAxX3DMATCH: Givena sefl’ C X x X x X, find

to less thar — | (¢ — 1)/2]| odd degree vertices i6's. a setS C T such that no elements ifi agree in



any co-ordinate. The problem is Approximation- 1) If (x € Sorye€S), then (zx €S andyeS)
complete. Generalizations of this problem that since otherwiselg,(z) = 1.
involve the constraint that no element®fappears 2) If z € S thenw; € S for somei since otherwise

more thanr > 3 times is also known to be das(v;) =1 for somej € [n].
Approximation-complete [5]. 3) If u; € Sthen(xz € S ory e S) since otherwise
3) MaxLD: Given a codeC specified by anm x dag(w;) = 1.

n parity-check matrixt (we may assuméf has  Therefore, ifS is non-emptyc, y,; € S for somei. But
linearly independent rows), a vectsre F3", and thendg,(v;) > 2. However this means that for all €
an integerw > 0, determine if there is a vector [n], dGg\ (.., (vj) > 1. Therefore,S being a stopping
x € F3 with weight bounded from above hy, set implies that the included; nodes correspond to a
such thatH 7 = s. covering of[n).

4) MINCoDEWORD: Given a code” specified by an  The nodes corresponding to a covering [of in
n x k generator matrix)/ (we may assume// addition tox andy is a stopping set since every node
has linearly independent rows) find the smallegin the right hand sideR) is in the neighborhood
weight of a non-zero codeword. The problem is naind has degree at least two. HerlideNnSTOP(G) =
approximable within an additive error that is linear + MINSETCOVER(S) where MINSTOP(G) denotes
in the block length of the code;, and provided the cardinality of the minimum stopping set and
that NP RQP, not approximable within the MINSETCOVER(S) denotes the cardinality of the mini-

factor 28 (") for anye > 0. mum set cover. [ ]
We note that under the stronger assumption that
IV. RESULTS NP ¢ DTIME(nP°°en) the stronger results that
A. Hardness of Approximation favlINSTOP there is no poly-time approximation algorithm for

. MINSTOP within 2(°s™)" ™ for any ¢ > 0, was shown
In what follows, we provide a proof tha¥lINSTOP [20].

is not approximable withiro(logn), unlessP = NP. o

This results improves upon the finding in [10], wherd®. Hardness of Approximation fdINTz» and MINT

the weaker claim tha¥lINSTopP cannot be approximated We show next that the problemMINTzp and

within any positive constant was established. This ifMINT are computationally at least as hard as the

provement is a consequence of the fact that our probfiNCODEWORD problem.

relies on reduction from thB1INSETCOVER, rather than ~ Theorem 2:There is no polynomial timeO(1)-

the Minimum Vertex Cover problem [10]. approximation algorithm foMINT zp, unlessP = N P.
Theorem 1:There is no polynomial time(logn)- Proof: Note first that theviiINCODEWORD problem

approximation algorithm foMINSTOPunlessP = NP. is O(1)-hard to approximate even under the restriction

Proof: The proof is by a reduction from that the Tanner graph of the code is left regular. This
MINSETCOVER: Let n = |U;e(,Si| and without loss follows directly from the results in [2] and [14].
of generality assume that C [n] for eachS € S. Given an Tanner graph on L U R that is left regular

Form a bipartite graplt? = (L U R, E) with nodes, ~say with degree{( —1)/2] + 1, for each nodes € L
createl — [(I—1)/2] —1 new nodes inR each connected

L= {uy,..uq,z,y} to u. Call the new Tanner gragh’. ThenanyS C Lis a

R = {v1,..0n, w1, ..., Wa, 2} ZP-trapping set iff” iff S is the support of a codeword
inT. [ |

and edges, Theorem 3:There is no polynomial timeO(1)-
approximation algorithm foMINT, unlessP = NP.

E = {(ui,vj):j € Si}U{(us,w; : i € [a]} Proof:  The proof is by a reduction from

MINCODEWORD. We construct the Tanner graglh U

R, E) of the dual code”+ where

_ We show_next thgk_&‘ has stopping _distanc@ + 1 L={u1,..up}, R = {v1,..vn}, and

if and only if the minimum set cover is. The proof

then follows from the claim above, and the fact that E = {(ui,v;) : Gij = 1}.

there is no polynomial algorithm returning afllogn) Note that for eachS < L, I'(S) corresponds to a

approximation ofMINSETCOVER, unlessP = N P. codeword. Hence, if we have amapprox to the min-
Let S be a stopping set. Consequently, trapping set problem for ang, then this gives an

U{(z,v):ve RU{(y,v) :v € {wy,...wq,2z}} .



approx to the minimum weight codeword problem byOr’s. These gadgets will ensure that the minimum
running through all values af and taking the minimum cardinality of a good set is approximately proportional
of the resultingb’s. to the minimum weight of any codeword.

But, since it is hard to O(1)-approximate Before describing the proof, we state two definitions.
MINCODEWORD, it is NP-hard toO(1)-approximate For a subgraplz” of G we define

MINT [4]. |
4] o Costs(G") =|SNV(G")|
C. Hardness of Approximation fovlINT, Discs(V(G")) =[{v € Gs N V(G") N R : de, (v) ever|
Theorem 4:There is no polynomial time algorithm v eGsNV(G")NR: dg,(v) odd)|
tdag .

for solving theMINT, problem, unless® = N P.

Proof: The proof is based on showing that &iven this notation we can rephrase the problem
polynomial time algorithm for solvingMINT, can be MINGOOD as estimating,
used for solving theMAX3DMATCH problem, and is . C a
based on similar arguments as those used for showing ScL;DIEiE(G)ZO osts(G) -
that MAXLD is NP-complete [2]. To this end, let us
construct thematching incidence matriXD as follows.
Let {T =; (z;,y5,%;)}, j = 1,...,t, be the collection
of ordered triples ifl' C X x X x X, where|T| =t,  L(Zig(z)) = {vi,...,Vm_1}
and|X| =n. ThenD is a3 n x t dimensional zero-one ;
matr|ix,‘with entries R(Zig(@)) = {u,

1<i<n: D;;=1,iff z; =4 and edges,

ntlsisn: Dig=1 it y; =i B(Zig(2)) = {(ui, v:), (virw;) i € [m — 1]}U

{(vi, wigr 21 € [m =2} U{(z,w1)}.

Assume next that there exists a polynomial time = . . o .
algorithm for theMINT, problem. ConstructD for a The intuition behlndZ|_g(a:) is t.hat if z is in the trappling
given matching problem, sét — 3 x n, and run the set ther_1 t_he nodes_(Zlg(_a:)) will also be in the trapping
MINT, algorithm on D. The algorithm will produce set. This is formalized in tr/'e Igmma_below.
a set ofa columns, indexed by a set of tripleg;,, _ Leémma 1:For all z € L', Discs(Zig(x)) < 0 and
i=1,....b, of T. Each row in the submatrix inducedPi5¢s(Zi9(z)) = O/ iff Zig(z)N L C 5.
by the triples has weight one, which follows from the FOr €achy € R', we add aOr(y) graph. Letl'(y) N

For eachr: € L’ we add theZig(x) graph. This graph
consists of3(m — 1) nodes

"'aumfhwl;-'wwmfl}

_ — ollogy k' :
definition of an elementary trapping set. Consequentty, = {u1;- - uw}. Letk = 2llee2 1. The construction
these triples represent a matching farThis implies that Of(y) consists two node sets(Or(y)) and R(Or(y)).

Consider a binary tree on the nodes, . . ., ux }, where

no polynomial time algorithm for théINT. problem

exists, unless P=NP, m W isrepeated — £’ times.L(Or(y)) consists of an—1

nodes corresponding to the internal nodes of the tree,

D. Hardness of Approximation favlINT, i.e. L(Or(y)) equals

We first prove a hardness of approximation result f
the problemMINGoOD, of finding a good set of min-
imum cardinality. We then use this to show a hardnes®r each internal node with children« andw, we add
of approximation result foMINT.. four new nodes: all these nodes are connected the

Our proof uses a reduction froMINCODEWORD. Let  first and third are connected toand the first and second
H be then x (n—k) parity check of some code. We mayare connected ta. If v is the root of the tree we also
assume that the code specifiedMyincludes at least one add one more new node which is connectedvid et
codeword in addition to the all-zero vector (i.e., the codg(Or(y)) be the set of such nodes and I&tOr(y)) be
has dimension at least one). This gives rise to the grapie set of such edges. Finally, I¢tS,y) be equal to

G' = (L' UR',E') where
{Uui\/u-\/uj € L(Or(y)) : |Sﬁ {UH’UJH > 1} .

L' ={z1,...,2,}, R ={y1,...,ym}, and _ _
B = {(zi,y;) : Hij = 1) We have the following lemma relating, the Or(),
R ’ and the setf.
We will create a bipartite grap = (L U R, E) by Lemma 2:For ally € Gs N R, Discg(Or(y)) < —1
augmentingG’ with gadgets that we callZig’s and with equality iff SN L(Or(y)) = f(S,y).

Kt
Uu1Vu2a R 7vuk,1Vukavu1\/u2\/u3Vu4a R 7'Uu1\/u2\/...\/uk}
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(a) Or(y

(b) Zig(z

Reduction fromMINCODEWORDt0 MINT..

(c) Ballast

Fig. 1.

Proof: Consider two nodesvy,y..v., and
Vujpqv..vay, N L(Or(y)). The lemma follows from the
observation that if either node is ifi then,

DiSCS(F(Uui\/...\/uJ) ﬂ F(Uu_f+1v...Vuk) m F(Uu7\/\/uk))

being 0 implies thatv,,y.. v, € 5. ]

Theorem 5:There is no polynomial timeO(1)-
approximation algorithm forMINGOOD unless P =
NP.

Proof: Assume thatS is a good set such that
S < aMINGooD for some constantv. By Lemma 3
and Lemma 2,

[SI=1SnLm+ > |f(Sy)
yel(SNL’)
and S N L' corresponds to a codeword. But

> yercsnnn |[F(S,y)] < 2n(n — k) and so by setting
m sufficiently large we get a constant approximation
for MINCODEWORD. But no such approximation exists
unlessP = NP [4]. [ ]

To finalize the proof of the hardness result MINT .,
we need to further augment our graghwith multiple
“Ballast” constructions. We call the resulting graph™.
The intuition behindBallast is that no nodes from
Ballast will be chosen inS while the multiple copies
of Ballast will ensure that the complement éf is also
good. A singleBallast consists of nodes

L(Ballast) = {uq,...,u;}

R(Ballast) = {vy,...,v,wy,...,w}

and edges,

E(Ballast) = {(u;,v;) : i € [[]} U{(vi,uir1) i €[l — 1]}

U { (v, u1)} U{(us,w;) =43 € [l — 1]}

We consider setting = n|L| and adding|R| copies of

Note that the graphG, constructed in the previousBallast to G.

section, hagL| < mn + 2n(n — k) and |R| < (n —
m) + n?.
Lemma 3:Discg(G) > 0 iff SN L' is a codeword
and for eachc € SN L/, Zig(z) N L C S.
Proof: Let |I'(S) N R/| and Discs(G’). Then,
invoking Lemma 1 and 2 shows that

DiscS(G)
= Discg (G Z Discg(Zig(x Z Discg(Or(y
zeL’ yER’
<Discs(G') = Y Inginrgs — T(S) N R/|.

xeLl’
Therefore Discs(G) > 0 implies that

Vy € R, dgs(y) = 0 mod 2
Ve e SNL, Zig(x) C Gs.
Again, using Lemma 1 and 2, one can show thatjife

R, dgs(y) =0mod 2 andvx € SNL/, Zig(x) C Gg,
then .S is good. [ ]

Lemma 4:Discg(Ballast) 1 if L(Ballast) ¢ S
and Discg(Ballast) < 0 otherwise.
Proof: The result follows because

IT'(S N L(Ballast))| > |S N L(Ballast)|

with equality iff L(Ballast) C S. |
Lemma 5:Assuming there exists a non-zero code-
word, there is a good set i¥. Furthermore, any good
set inG is a trapping set fotz+.
Proof: Let .S’ be the subset of’ corresponding to
the minimum weight codeword. Let

SzS’U(U U £y
zeS’

yer(s’)
Then S is a good set inG. For the second part of the
lemma note that by Lemma 4, fé&r C L, Discg(G) >
|R| — |R| = 0. [ |
Theorem 6:There is no  poly-time O(1)-
approximation algorithm foMINT,. unlessP = N P.

L(Zig(a:)>> U



Proof: Assume thatS is a trapping set such thatmatching problem replaced by its constraint version
S < aMINT, for some constantv. By Lemma 5, we involving a bounded numbef of appearances of each

know that|S| < a|L| and henceS does not include element inX.
Our findings imply that, despite the existence of poly-
nomial time algorithms for finding a minimum weight

all LHS nodes of any copy oBallast because doing
so would imply that|S| > |L(Ballast)] = n|L|. But

then by Lemma 4, we may assume that no nodes frazndeword of LDPC codes with column-weight two [6],
Ballast are included inS because removing all suchno such algorithms exist for the general class of LDPC
nodes fromS increase®iscs(G). Consequentlys must codes, provided thaP # N P.

be a subset of.. Since any good subset éfis a trapping

set, MINGoOOD(G) = MINT.(GT). But, by Theorem

5, there is no constant approximation for the problen{l]

MINGooD, which completes the proof of the theorem.[2]
[ |

V. HARDNESS OFPROBLEMS FORSPARSECODES (31

The fact that a problem is NP-hard usually does not
imply that a special instance of the problems is NP-har 4
Since iterative decoding algorithms have both linear-tim
complexity and offer good decoding performance only
for special classes of codes, it is important to establisf)
the analogues of the results in Section IV for such code
We provide next a set of results asserting the hardness
of approximating the minimum distance and smallest’]
stopping and trapping set in LDPC codes, i.e., codes
for which each vertex, except for possibly a constants]
number, in the Tanner graghi = (LU R, F) has degree
at most/, for some constant > 2.

Theorem 7:MaAxLD and MINCODEWORD are NP-
hard for LDPC codes.

Proof: The proof is a direct consequence of th?lo]
fact that the parity-check matrix used in the reduction
from the MAX3DMATCH to the MAXLD problem is
sparse (it has column weight three, and the row weigHtl]
can be bounded as well by invoking the constraint that
every element ofX cannot appear more than > 3
times). The second result follows from the observatio[r%z]
that there exists a polynomial-time reduction algorithm
from MAXLD to MINCODEWORD problem [14], [15]. [3]

[ ]

As a consequence of the above finding, all trapping
set problems described in Section 1V, for which thé&#4l
hardness was established in terms of reductions from
the MINCODEWORD problem, remain NP-hard for the
class of LDPC codes.

Theorem 8:MINSTOP is NP-hard for LDPC codes.

El

(15]

Proof: The proof follows along the same lines[16]
as the proof of Theorem 1, with thelINSETCovER [17]
problem replaced by th1INKSETCOVER problem. m 18]

Theorem 9:MINT,. is approximation-complete for
LDPC codes. (19]
Proof: The proof follows along the same lines
as the proof of Theorem 4, with the three-dimensional
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